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TO THE KEVER * 


J. PRIESTLEY, LL. D. F. R. S. Ke; 


SIR, 


H E publication of the following 
treatiſe is owing to your kind en- 
couragement and approbation; and 1 am 
happy to embrace this opportunity of teſ- 
tifying the high ſenſe I entertain of your 


condeſcending politeneſs and attention, 


Whilſt you are enlarging the bounds of 
ſcience by your numerous and important 
diſcoveries, you are equally defirous of 
promoting every other laudable purſuit 
and uſeful undertaking. And to this 
amiable diſpoſition the world is no leſs 
indebted. than to your diſtinguiſhed and 
eminent abilities: the one commands our 
eſteem and regard, and the other our ad- 
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miration. Permit me, therefore, Sir, as a 
ſincere tribute to your merit, to inſeribe 
to you this compendium, and to aſſure 

ä 1 


— 


I am, 
With the higheſt reſpect, 
Your moſt obedient and 


Mn bumble ſervant, , 


JOHN BONNYCASTLE. 
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E Mac 142 of the mind, like thoſe of the body, 
are increaſed by frequent ' exertion ; applica» 
tion and induftry ſupply the place of genius and in- 
vention; and even the creative faculty-itfelf may be 
ſtrengthened and improved by uſe and perſeverance... 
Uncultivated nature is uniformly rude and imbecile; 
and it is by imitation alone that we at firſt acquire- 
knowledge, and the means of extending its bounds, 
A juſt and perfect acquaintance with the fimple ele- 
ments of ſcience is a neceſſiry ſtep towards our fu- 
| tare progreſs and advancement; and this, affiſted by 
laborious inveſtigation and habitual inquiry, will-con- 

ftantly lead to eminence and perſection. | 
Books of rudiments, therefore, conciſely written, 
well digeſted, and methodically arranged, are treaſures 
of ineſtimable value; and too many attempts cannot 
be made to render'them perfect and complete. When 
the firſt principles of any art or ſcience are firmly 
fix ed and rooted in the mind, their application ſoon 
becomes eaſy, pleaſant, and obvious; the underſtand- 
ing is delighted and enlarged; we conceive clearly, 
reafon diſtinctly, and form juſt and ſatisfactory con- 
eluſions. But, on the contrary, when the mind, in- 
flead of repoſing on the ſtability of truth and received 
principles, is waudering in doubt and .uncertainty, 
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our ideas will neceſſarily be confuſed and obſcure; 
and every ſtep we take muſt be attended with freſh 
© difficulties and endleſs perplexity. 

That the grounds, or fundamental ha of every 
ſcience, are dull and unentertaining, is a complaint 
-univerſally made, and a truth not to be denied; but, 
then, what is obtained with difficulty is uſually remem- 
bered with eaſe; and what is purchaſcd-with pain is 
poſſeſſed with pleaſure.” The ſeeds of knowledge are 
ſown in every ſoil, but it is by proper culture alone 
that they are cheriſhed and brought to maturity. A few 
years of early and aſſiduous application never fails of 
procuring us the reward of our induſtry; and who is 
there, that knows the pleaſures and advantages which 
the ſciences afford, that would think his time miſ- 
ſpent, or his labours uſeleſs? Riches and honours arc 
the gifts of fortune, caſually beſtowed, or hereditarily 
received, and àre frequently abuſed by their poſſeſſors; 
but the ſuperiority of wiſdom and knowledge is a pre- 
eminence of merit, which originates with the man, 
and is the nobleſt of all diſtinctions. 

Nature, bountiful and wiſe in all things, has pro- 
vided us with an infinite variety of ſcenes, both for 
our inſtruction and entertainment; and, like a kind 
and indulgent parent, admits all her children to an 
equal participation of her bleſſings. But as the 
modes, ſituations, and circumſtances. of life are va- 
rious, ſo accident, habit, and education, have each 


& 
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their predominating influence, and give to every mind 
its particular bias. Where examples of excellence 
are wanting, the attempts to attain it are but few; 
but eminence excites attention, and produces imita- 
tion. To raiſe the curioſity, and to awaken the liſtleſs 
and dormant powers of younger minds, we have only , 
to point out to them a valuable acquiſition, and the 
means of obtaining it. The active principles are im- 
mediately put into motion, and the certainty of the 
conqueſt is enſured from a determination to conquer. 
But, of all the ſciences which ſerve to call forth this 
ſpirit of enterpriſe and inquiry, there are none more 
eminently uſeful than the Mathematics. By an early 

attachment to theſe elegant. and ſublime ſtudies, we 
acquire 2 habit of reaſoning, and an elevation of 
thought, which fixes the mind, and prepares it for 
every other purſuit. From a few ſimple axioms, and, 
evident principles, we proceed gradually to the moſt 
general propoſitions, and remote analogies : deducing; 
one truth from another, in a chain of argument well 
connected and logielny purſued; which brings us at. 
laſt, in the moſt ſatis factory manner, to the concluſion, 
and ſerves as a general direction in all our inquiries- 
after truth. 

And it is not only in this reſpect that i 
learning 1s fo highly valuable; it is, likewiſe, equally 
eſtimable for its practical utility, Almoſt all the. 
works of art, and devices of man, have a dependence. 
upon its principles, and are indebted. to it for their 
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origin and perfection. The cultivation of theſe ad- 
mirable ſciences is, therefore, a thing of the utmoſt 
importance, and ought-to be conſidered as a principal 
part of every liberal and well regulated plan of educa- 
tion. They are the guide of our youth, the perfec- 
tion of our reaſon, and the foundation, or. baſis, of. 
every great and noble undertaking. 

From theſe conſiderations, I have been induced to 
undertake an introductory courſe of mathematical 
ſcience; and, from the kind encouragement which I 
have hitherto received, am not without hopes of a con- 
tinuance of the ſame candour and approbation. Con-- 
fiderable pra ice as a teacher, and a long attention to 
the difficulties and obſtructions which retard the pro- 
greſs of learners in general, have enabled me to ac- 
commodate myſelf the more eafily to their capacities 
and underſtandings. And as an earneſt defire of pro- 
moting and diffuſing uſeful knowledge is the chief 
motive for this undertaking, ſo no pains or attention 
ſhall be wanting to make it as _ and * 
as poſſible. 

The ſubject of the preſent performance is ALERRA; 
which is one of the moſt important and uſeful branches 
of thoſe ſciences, and may be juſtly conſidered as the 
key to all the reſt. Geometry delights us by the 
fimplicity of its principles, and the elegance of its 
demonſtrations. Arithmetic is confined in its object, 
and partial in its application: but Algebra, or the 
{ analytic art, is general and comprehenſive, and may 
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de applied with ſucceſs in all caſes where truth is to 
be obtained and proper data can be eſtabliſhed,  '? 
© To trace this ſcience to its birth, and to point out 
the various alterations and improvements it has un- 
dergone in its progreſs, would far exceed the limits 
of a preface. It will be ſufficient to obſerve that the 
invention is of the higheſt antiquity, and has chal- 
lenged the praiſe and admiration of all ages.  Dio- 
pbantus appears to have been the firſt, among the an- 
cients, who applied it to the folution of indeterminate 
or unlimited problems; but it is to the moderns that 
we are principally indebted for the moſt curious re- 
finements of the art, and its great and extenſive uſe 
fulneſs in every abſtruſe and difficult inquiry. Newton, 
Maclaurin » Sanderſon, | Simp/or, and Emer/on, are thoſe, 
of our own countrymen, who have particularly ex- 
celled in this reſpect; and it is to their works that L 
would refer the young * as che nn of ele- 
gance and perfection 

The following comiſendium i is formed entirely 10 
the model of thoſe writers, and is intended as an uſeful 
and neceſſary, introduction to them. Almoſt every 
ſubject, which belongs to pure Algebra, is coticiſely 
and diſtinctly treated of; and no pains have been 
ſpared to make the whole as eaſy and intelligible as 
poſſible. A great number of elementary books have 
already been written upon this ſubject; but there are 
none, which I have yet ſeen, but what appear to me to 
be extremely defective. Beſides, being totally unfit for 
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the purpoſe of teaching, they are generally calculated 
to vitiate the taſte, and miſlead the judgment. A 
tedious and inelegant method prevails through the 
whole, ſo that the beauty of the ſcience is generally 
deſtroyed by the clumſy and aukward manner in which 
it is treated; and the. learner, when he is afterwards 
introduced to ſome of our beſt writers, is obliged to 
unlearn and forget every thing that he has been at ſo 
much pains in acquiring. | 

It is in the ſciences as in every branch of polite 
literature; there is a certain taſte and elegance which 
is only to be obtained from the beſt authors, and a 
judicious uſe of their inſtructions. To direct the ſtu- 
dent in his choice of books, and to prepare him pro- 
perly for the advantages he may receive from them, 
is, thereſore, the buſineſs of every writer who engages 
in the humble, but uſeful, taſk of a preliminary tutor, 
This information I have been careful to give, in every 
part of the preſent performance, where it appeared 
to be in the leaſt neceſſary; and, though the nature 
and confined limits of my plan admitted not of diffuſe 
obſervations, or a formal enumeration of particulars,. 
it is preſumed nothing of real uſe and importance 
has been omitted. My principal obje& was to conſult 
the eaſe, ſatisfaction, and accommodation of the. 
learner; and the favourable reception. the work has. 
met with from the public has induced me to give this. 
edition an attentive and careful reviſal. 
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- DEFINITIONS. 


LOSES A is the art of computing by fym- 
8. 

1. Like quantities are thoſe that conſiſt of the ſame 
letters. | 

2. Unlike quantities are thoſe that conſiſt of diffe- 
rent letters. 
3. Given quantities are thoſe whoſe. values are 

4. Unknown quantities are thoſe whoſe values are 
unknown. 

5. Simple quantities are thoſe that conſiſt of one 
term only. 

6. Compound quantities are thoſe that conſiſt of ſe- 
veral terms, | | 

7. Poſitive or affirmative quantities are thoſe that 
are to be added. 

8. Negative quantities are thoſe that are to be ſub- 
tracted. | 

9. Like figns are all affirmative (), or all ne- 
gative (—), | 

10. Unlike ſigus are when ſome are affirmative (+) 
and others negative (—). 
11. The co-efficien of any quantity is the number 
prefixed to it. = 


2 EXPLANATION OP 


12. A binomial quantity is one conſiſting of two 


terms; a trinomial of three terms; a guadrinomial of 
four, &c. 

13. A reſidual quantity is a binomial where one of 
the terms is negative. 

14. The power of a quantity is its ſquare, cube, 
biquadrate, &c. 

15. The index or exponent is the number which de- 
notes its root or power. 

16. A ſurd, or irrational quantity, is that which has 
no exact root. ; 

17. A rational quantity is that which has no radical 
ſign (), or index annexed to it. 

18. The reciprocal of any quantity is that quantity 


inverted, or unity divided by it. 


EXPLANATION OF THE CHARCATERS. 


+ Is the ſign of addition. 

— — of ſubtraction. 
of multiplication. 
of diviſion. 

of proportion. 

of the ſquare root. 
of the cube root. 
of equality. 
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Thus 2+6 ſhews that the number repreſented by 3 
is to be added to that repreſented by a. | 

a—b ſhews that the number repreſented by þ is to 
be ſubtracted from that repreſented by a. 

a © b repreſents the difference of à and & when it is 


not known which 1s the greateſt, 
ab, or a xh, or a.b, denotes the product of the 
and 6 
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THE CHARACTERS. > 


a—b or 7 ſhews-that the number repreſented by 4 


is to be divided by the number repreſented by . 
a: b ::'c: d denotes that @ is in the ſame pro- 


portion to þ as c is to d. Ont 
x=a—b ſhews that x is equal to the difference of 


a and 6, 5 
a, or at is the ſquare root of a; %a, or as, is 


the cube root of a; and a” is the mr root of a. 


* is the ſquare of a, @* is the cube of az and an is 
the n power of a. 39 
7 is the reciprocal of the quantity 4 and, — is the 
reciprocal of a. | 
a+6Xc, or (a+6).c is the produ of the quantity 
«+6 multiplied by the fimple quantity c. 


a+b—=a—c, or — is the quotient of a+6 di- 
vided by a—c, 


Vase, or (ab+cd)* is the ſquare root of the 
compound quantity ab + cd. | 

@+b—, or (a cd) is the cube or third power 
of the quantity a -c. r af +ed. 

5 denotes that the quantity a is to be taken 5 times, 
and 7.(b+c) is 7 times Sc. Wh 

It is alſo to be remarked that the ſign + is gene- 
rally expreſſed by the word plus, or more, and the ſign 
—, by minus, or leſs. 

And, in the computation of problems, it muſt be 
obſerved, that the firſt letters of the alphabet are uſually 
put for known quantities, and the laſt for thoſe that 
are unknown. 
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ADDITION. N 

| CASE J. * 

To add quantities which are like, and have like ſigns. - 
RULE, | k 1 

Add all the co-efficients together, and to their ſum 4 
adjoin the letters common to each term, prefixing te 
common ſign. "i 
| ExXAM LES“. | ; 

5a — 6 bx 8 bxy 

7 4 


8 a — 
10 4 — 7 bx 4 bxy 


2 4 bu bxy 
a 5 bx : bxy 
33 4 — 24 bx 28 bay 


21 y 17 x* +20 xy 26 ax—14y 
— — — — — 
* = F 


* When a leading quantity has no fign before it, + is always 
underſtood ; and a quantity without any co-efficient prefixed to it 


is ſuppoſed to bave 1, or unity. 1 


ö Arne 2 


6 xy — 2y* 5 a—4 6 

15 xy — 8 y* 7 a—6-6 

2 xy — 75 44—36 

7 — . 2—34 

8 xy — 6 y* 6ba— 6 

3 3 o —25y* 27 6-14, b 

PF * 2015 x*—2 xy 7 xy—5 x+3 ab 
1 35—13 #*—4 a9 39 K 6 
; I8—12 x*—3 xy 2 xy—3x+2 ab | 

I2—14x*—8 xy 2 xy—4 x+8 ab 

10-28 x*—2 xy 5ay—3 x+ ab 

CASE” H. 


To add quantities which are like, but have unlike figur. 


RULEZ 


1. Add all the affirmative co-efficients into one 
ſum, and all the negative ones into another. 

2. Subtract the leaſt of theſe ſums from the greateſt, 
and to the difference prefix the ſign of the greateſt, 
with the common quantity. 


* Quantities, having fractional or other exponents, are to be 
conſidered, in all reſpects, as if they were expreſſed by a fingle 
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6 ADDITION. 


EXAMPLES. | 
235 +8 ax * + 6 * ＋8 
+74 +7 ax* — 34õ 177 
* +84 —3 ax ' —13x*+8y 
es — + 2x*—3y 
—2 (7 + 4 ax* + : 7 
+9 4 +12 ax* — 7x* ＋195 
— + 875 —3 ab+ 3 
— + 65995 48 ab—10 
3 —10 þ*y3 +3 ab— 6 
2 —20 b*y? — ab+ 2 
"Is: Ip —2 ab +11 
+10 a* 5 
7352 —8 xy* — 12 * - 
— + 3 x77 +10 x*— 3x 
+8 xy —2 * 14 Aer 
+7 3 +4 xy" + 8x*+ x 
—2 ax% — Gar —25 +2 ax. 
+ af + 24/ax +85 + 4 

3.698 g 9 —3 ax; F 

+7 axx ＋IOV ax +5y + 3 ax+. % 

+ ar * 


CASE III. 
To add quantities which are unlike, and have unlike figns. 


RULE, 

4% ColleR all the ikequantities together by the laſt rule, 
. and ſet down thoſe that are unlike, one aſter another, 
* with their proper ſigns. 

ij EXAMPLES, 

59 2xy —Tox* 2ax—l5o+2\/x 
4ax — 3 * + xy 3x* + 2ax+6x* 
9 —8x*—xy 5 —3x5 +50 
29 Fs" vx+100—5x* 
1 =“ 4ax+4x"+5xy 
6 a%* 12 ax—x* 6+10\/ax—3 y 
4 4axty *+ 40/0 +39 
—2 a 35 — A 7 — 2 ax —3 5 


—3 29 24 —24 20+ 3y/ax—3y 


L 

3 x? 2/x — 8& a*— 8$8+x*—2 
—2 xy* 3y/xy+10x a — lot —x 
—3y'x 2 & ＋NÆ t x*—a'+ 8—4 
—8 x*y — 8＋ 10—4 — «4 — 5 


481 


8 UB TRACT ION. 


RULE, 


Change the ſigns of all the quantities to be ſub- 4 
tracted, or conceive them to be changed, and then adi 
the different terms together as in addition. 9 


EXAMPLES, 
gat—26b G6x*— 8y+3 51 xy—2+8 x—y 
24 —5 6 2 x* + 9 —2 _ 3 xy—8—8x—3y 


3a*+36 4 x* —I7y+5 2xy+6+16x+2y 


. 


3 xy—8 27 —y—T —TI0—8 x—3 xy 
—xy+3 JTHITI.  9=7 4 


429=16 y*=2y=2  =13—x—42 +409 


it 


S -A 5$x%*+/x—8—46 
-A 22h GN —10445—44 
— a N - = _ * 
3 af 1 5 J J 2,-I6- X ” 


329—20 k 4x*—3.(a+8) 4xy* + 10ay/xy+10 
49—30 z3x*—8.(a+6b) 3x*z* + 2ay/xy+10 


— / 
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MULTIPLICATION, 


CASE I. 
, When both the factors are ſimple quantities, 
3 RULE; | 
7 Multiply the co-efficients of the two terms together, 
: fy and to the product affix all the letters in thoſe terms, 
1 and the reſult will be the whole product required. 
9 Nete*. Like ſigns produce +, and unlike figns =, 
. EXAMPLES. 

a 122 =—2a 5a —9gx 
7 36 443 —6r —56 

4g6ab —8ab —3oax o+456x 

Tab Ga*x mx*y — xy 
— Fac 5x S oP 
—35½a be 30a*x* —x3%y3 Þ+7x*%* 


„ „ 


» That like fgns make + and unlike figns —, in the ct 
may be ſhewn thus: 4 P eg N fs 


1. When, +a is to be multiplied by +5; this implies that +84 
is. 


10 MULTIPLICATION. 


CASE II. 
When one of the factors is a compound quantity. 
RULE, 


Find the products of the multiplier, and every 
term of the multiplicand, ſeparately, and place them 
one after another, with their proper ſigns, and the re- 
ſult will be the whole product . 


EXAMPLES. : 
4a—26 6xy—8 a*—2x+6 
3a 2x xy 


 12a%*—bab I2x%y—T6x a*xy—2x*xÞ6xy 


13X—ab 35x—7a 3y—8 + 2 
124 — xy 

2x*+x I2x*—4y* 29 *—8x*—7x 
3 — 2K 399 


4 = 


is to be taken as many times as there are units in ö; and, ſince 
the ſum of any number of affirmative terms is affirmative, it is 
plain that (+a) (T) = Tab. 
2. If two quantities are to he multiplied together, the refulv 
will be exactly the ſame, in whatever order they are placed; 
for a times b is the ſame as 6 times a; and, 2 
when 


2 
E : 
i 
> 
75 7 
os | P 


CASE III. 
When both the factors are compound quantities, 


RULE, 


MULTIPLICATION. T 


Multiply every term of the multiplier into every 
term of the multiplicand reſpectively, and ſet down 


the products one after another with their proper ſigns, 
and their ſum will be the whole product required, nh 


x+y 

x+y 

x* + xy 
+axy +57 


& + 2xy+y* 


x+y 
en” 4 


5x +4 
3x—=2 


I5x*+12xy 
— 10xy—8y? 


IF + 2xy—8y* 


x*+y 
x* + y 


x*+ px? 


r +5" 
& + 2yx* + y* 


—_ * Mt. 8 


* * + xy—p? 
ys 


x3 +x*9—ay® 
—x*y—xy* ＋ 


x3 — +93 , 
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when —a is to be multiplied by &, or +b by —a:t this is 
the ſame as taking —a as many times as there are units in +5; 
and ſince the ſum of any number of negative terms is negative, it 
is evident that (—a) x (+6) or (K) X (- -ab. 

3. When —a is to be multiplied by —b: Here a—a=o, 
therefore (a—a)X —b is, alſo =o, becauſe o multiplied by any 
quantity produces o; and fince the firſt term of the product, or 
4 X( -, is (by caſe 2.) —ab, the laſt term, or (-a) x (—8), 
muſt be Tab, in order to make the jum (—ab+8b)=o; conſe- 


quently (-a) x (—b)=+ab, 


12 MULTIPLICATION. 
EXAMPLES FOR PRACTICE, 


1. Multiply 12ax by za. | Anſ. 36 a. 2 
2. Multiply 4 —2y by 2. Anſ. & 45 1 
3. Multiply 2x+4y by 2x — 45. Auſ. 4x* 100 *. 1 
4. Multiply x* TA AY by x-. Auſ. & - ) “I. 
5. Multiply x* e by x*—ay+*. | 2 

Au. x* + x*y* +y*. 9 
6. Multiply 2a — 3ax+4x* by Fra =bax—2x?, 9 


| 
| 
| 
| 
| 


. 7. Multply 3àõ - 20 +5 by x*+ 2x5 —3. 5 
VISION. | 
CASE I. 7 


When the diviſor is a fimple quantity. 
RULE. . 


1. Place the dividend above a ſmall right line, and 
the-diviſor under it, in the manner of a vulgar frac- 
tion. 

2. Expunge thoſe letters that are common to both 
the dividend and diviſor, and divide the co-efficients 
of all the terms by any number that will divide them 
without a remainder, and the reſult will be the quo- 
tient required. 2 2 

Note“. Like ſigns make +, and unlike figns =, 8 
the ſame as in multiplication. 3 


$4. 14 ae 4, ts 


* 


— 


* That like ſigns give +, and unlike figns — in the quotient, 
will appear thus : 
The diviſor multiplied by the quotient muſt produce the divi- 
dend ; therefore, | . 
1. When 


FP 25 6 


DIVISION. 13 


EXAMPLES. 


1. It is required to find the quotient of aa; 
8c 263 and * 


4 2 5 abc — 
i 2. It is 3 And the — of 12 be. , 
and, (ab+6*)—26. 24 +6 
WD” 12 222. a 
4 ill nc amd "7 

3 3. Divide 18x* by gx. Anf. . 
= 4. Divide 10x * by —5x* Ye Aa. — a2. 
1 5. Divide —gax*y* by gx*y. Anſ. —ay. 
6. Divide —8x* by —2x. Anſ. + Ax. 
+ 1 7. Divide 1cab+ 1 5ac by 5: | Anſ. zb Tze. 
38 8. Divide 30a —5 4 by An}. 5a—9 
8 'g. Divide 10x 3 —5y by 5 5. 


44 Aus. zx 35-1. 
. 10, Divide a+ 3a * by a. 
11. Divide 34 —15 + 64+ 36 by 3a. 


CATE: HH: 
When the di wife and dividend are beth a—_— 


quantities. 


— 


RULE, 


I. Range the terms of both the quantities accord- 
ing to the dimenſions of ſome letter in them; ſo that 
the 


— o 
— —_ | — 


© When both the terms are +, the quotient is +, becauſe 


produces — in the dividend. 


(+): roduces + in the dividend, 
they are both —, the quotient is alſo, becauſe 


(+)xC 
a n one of them is + and the other —, the quotient is 
» becauſe (—) & (+) produces — in the dividend ; and (-) 
x(— ) produces + in the * 


14 DIVISION, 


the firſt term may contain the higheſt power of that 


letter; the ſ term, the next higheſt power; and 


ſo on. 
2. Divide the firſt term of the dividend by the 
firſt term of the diviſor, and place the reſult in the 


quotient. 


3. Multiply the whole diviſor by the term thus 


found, and ſubtract the reſult from the dividend. 

4. To this remainder bring down as many terms of 

the dividend as are requiſite for the next operation, and 
divide as before; 2 ſo on, as in common arith- 
metic. 
Note. If the diviſor be not exactly contained in the 
dividend, the quantity which remains after the opera- 
tion is finiſhed, muſt be placed over the diviſor, like 
a vulgar fraction, and ſet down at the end of the quo- 
tient, as in common arithmetic. 


EXAMPLES. 


bt 
x*+ ay 


* ＋ 
xy +5* 


Thee gerede 


a + a*x 


4a + 5ax* 
44" xÞ+qax* 


—_—_—— 


., 


ar + x3 
ar + x3 


DIVISION. 15 


S +274 —27(x*—bx+9 


K —3 r* 


—6.*+ 27x 
—Ox* +18 


1 9 —27 


- 
: u — a0 —x* (a* Ta +x* 
L a2 —a*x 
N 1 — —— — 
"vp . a K 3 ; 
4 
5 a2 - * | 
” |; } — — — 
1 | a cnn x3 
*$ ar x3 
1 
1 22 ⁹—f, 6899 +b4* +53 a 
I — 
7 — — — 
55—3 ) 
— — — 
829 — 4 
392 by? 
— — — — 
by* —y4 
— — 


x6  FRACTFONS, 


EXAMPLES FOR PRACTICE: 


1. Divide a* + 2ax-+x* by ax. An/. a+ x. 
2. Divide a* — 3a ＋ 3ay* —y3 by ay. 
| Au. a —-2ay+y*. 
3. Divide 1 by 1—x. Anſ. 1+ x +x*+x*, &c. 
4. Divide 6x*—9g6 by 3K —6. | 
Anſ. 2x* +4x*+8x+16. 
5. Divide a -g IO -i +5 ax* —x? 
by a —2ax+x*. An. a -3a*x+3ax* —x*, 
6. Divide 3x* —12x* —ax* +10ax--2a* by 3x—4. 
7. Divide y*—33*%8* + 335*x*—=x* by 33 —35*x+ 


3% — 


ALGEBRAIC FRACTIONS, 


PROBLEM I. 
To reduce a mixed quantity to an improper fraction. 


RULE. 


Multiply the integer by the denominator of the 
fraction, and to the product add the numerator; 
and the denominator being placed under this ſum will 


give the improper fraction required. 
EXAMPLES: 
1. Let 72 and — be reduced to improper 
fractions. | | 
„ 
And, a— —= —— Anſ. 


0 c 


FRACTIONS: 17 


K * a — * * 
2. Let x+— and x— be reduced to im- 
a x | 


proper fractions. | l 
Fir. 14 —— 2 the Anſaver. 


a a 
a* r? x* OY 1 * a 
= —— An}. 


ns 8 8 TR 


And, x — 


* 


3. Reduce 9 5 to an improper fraction. A.. 1 


; a—2Xx 


4. Reduce 1 _ to an improper fraction. A/. 


& 5, Let . be reduced to an improper 
* 8 fraction. . 
4 . 5. Let dne. be reduced to an improper 
7 fraction. 
7. Let 2 — be reduced to an improper 
fraction. 


8. Let 14 —. be reduced to an improper 


fraction. 


PROBLEM HI. 


To reduce an improper fraction 10 a. whole or 
mized quantity. | 


| RULE, 

? Divide the numerator by the denominator, for the 

; integral part, and place the remainder, if any, over 
the denominator, and it will be the mixed quantity 


required. | 
C3. 


18 FRACTIONS. 


EXAMPLES: 


1. Let Zand <= be reduced to whole or mixed 
quantities, 
Firſt, + =17-=5=33 the Anſwer required. 
And, —— (er Ta Anſ. 
— ; 2 
2. Let 8 and 242 be reduced to whole 
b a+y 
or mixed quantities. 
Firſt, — — 4 DFE Za Anſ. 
5 * 
ud, — 2 — — 
4 0p ie )>(a+)) * 
3. Let 3 an and —— be reduced to whole or 
mixed quantities. . Anſ. 4 2 and 36— = | 
4. Let 1—— and —=— = be reduced to whole or 
mixed quantities. 
L and be reduced 
5. and ——— be reduced to whole or 
n 
mixed quantities. 
6. Let — be reduced to a whole or mixed 
quantity. ; | 
7. Let = be reduced to a whole or 
maxed quantity. - 


FR ACTIONS. 130 
PROBLEM in. 


To reduce fractions of different denominators, to others f 
the ſame value, which ſhall have a common denominator. 


1 

1 | RULE, 
w Multiply every numerator, ſeparately, into all the 
% denominators but its own, for the new'numerators, and 
; all the denominators together for: the common deno= 
$ 2 minator *, 


I 0 EXAMPLES, 
i N 1. Reduce 2 and - to fractions of equal values 
chat ſhall have a common denominator. 
ac = ac 
S* = 6* 
S* = & 
ac , 62 1 
= and 77 fractions required.” 


2. Reduce , Land ＋ to equivalent fractions 


X having a common denominator. 


i axcxd = acd 
bi; bxbXd = 6b*d4' 
.* c XN — c*b 


bXecXxXd = bed 


nn acd b*d c*b . 
FT Fo” and 7 Fractiont required. ' 


— — — 


— 


* When the denominators have a common diviſor, it will be 
better, inftead of multiplying by the whole denominators, to 
multiply only by thoſe parts which ariſe from dividing by the 
common diviſor, y 


20 FRACTIONS. 


3. Reduce 5 250 to equivalent fractions, 2 


Zxc 


a common e 7 Auf. — — ad — 
4. Reduce and — 247 to fraftions, Gl you 

ab +6* 

mon denominator. 25 —— and __—_ 


' 5. Reduce — 8 and 4 to ſractions, having a 
24 Ze Ser, 4 . Sad. 


common denominator. wt — 


6. Reduce 4 and 1 215 . N 


ing a common denominator. 
2 b 
Anſ. 22, — — . 


=p 12 


2 K * 2 2 
7. Reduce — , =, and = . to fractions, hav- 


ing a common denominator. | 
8. Reduce — So and - - AR * 5 fractions, 


having a N .. 


PROBLEM IV. 
To find the greateſt common meaſure of a fraction. 
RULE®, | 


1. Range the quantities according to the dimenſions 
of ſome letter, as is ſhewa in diviſion. 


— 


The fimple diviſors, in fhis rule, e Hams Ar 
Ns 


FR ACTIONS. 21 


2. Divide the greater term by the leſs, and the laſt 
diviſor by the laſt remainder, and fo on till nothing re- 
mains; and the diviſor laſt uſed will be the common 
meaſure required. | 

Note. All the letters or figures which are common 
to each diviſor, muſt be thrown out of them before they 
are uſed in the operation. 


EXAMPLES, 
1. To find the greateſt common meaſure of 

ex +x* 
ca a 

ex+x*)ca* +a*x 

or c+x Yca® +a*x(a? 
ca TA 
* 


— - 


Therefore the greateſt common meaſure is c. 
2. To find the greateſt common meaſure- of 


xk 337 
x*+2bx +6* 
x*+26bx-+6b*)x* — b*x(x 

= a x3 +2bx*+6*x 


23 2320224 
or * + 6 )x*+2bx+6*(x+b 


© x*+ h * 


bx + 6? 
bx + 6* 


* 


22 FRACTIONS. 


Therefore x +6 is the greateſt common di viſar. 
3. To find the greateſt common diviſor of 


221 
4. > find the greateſt common diviſor of 
Co | 
3 Anf. * —h*, 


& ft x3” : 

5. To find the greateſt common meaſure of 
5a* + 10a*%6+ 5a. b* 
a*b-+ 2a4*6* + 2ab* + 6*' 


: PROBLEM v. 
To reduce @ fractios te its loweſt terms 


RULE, 
1. Find the greateſt common meaſure, as in the laſt 


blem. 


2, Divide both the terms of the fraction by the 
common meaſure thus found, and it will reduce it to 


its loweſt terms as was required. L 


EXAMPLES, 


1. Reduce — 4 
JE 6a*+a*x 


cx TX ) +a*x 
or c+x )ca* +a*x(a* 
ca* tra X 


to its loweſt terms. 


Here cx Ta“ is divided by x which is common to each 
term. . 


FRACTIONS. 23 


| T herefore e x is the 3 common meaſure, 
1 


. 2 fraction reguired. 


| . — a | . "Sy . 
2. Having zzz given, it w-required to re- 
duce it to its leaſt terms. 


x* + 2bx+8b*)x*—b*x(x 
x* +26bx* +6*x 


—2bx*—28* x) x* +2bx +6* 
| or x +6)x*+2bx+6*(x+6 - 
x* + bx 


br+6* 
bx+ 6% 


Theo x+6 is the greateſt common meaſure, 
—b* x xt 


end x +0) r = g fradtion required. 


11 + x* 2 
3. Reduce — do its loweſt terms. Anſ. © I 
x* —y* ; I I 
4. Reduce I to its loweſt terms. An/. 45 
42.— 4K * 
5. Reduce — - to its FREY terms» 


4a —4 ar 


Fa) +10a*>+ fa | 
6. Reduce 2 to its loweſt 


24 FRACTIONS. 


PROBLEM. VI, 
To add fractional quantities together, 
of 
RULE, 


1. Reduce the fractions to a common denominator, 
-as in problem the third. 


2. Add all the numerators together, and under 
their ſum write the common denominator, and it will 
give the ſum of the fractions required. 


"EXAMPLES. 
1. Having = ani > given, to find their ſum, 


xXZ = ZXx 
XXZ = 2X 


2X3; = 6 
| 3x — 9 — ured 
G+FTFETE Sum require . 


AS, — "SE 
T' 7 1 * Go 


c * UN = of 


& NA => 


S = baf 


adf af 4 #4 _ adf+ bf +ebd 
. baf 


bar Z af - = um required, 4 


FRACTIONS. 25 
* 3, Let —2 and 5 be added together. 


3 Xe = gen 


zar 5 2abx } = Aumerators. 


And bx = be = common denominator. « 
2ax zex * 2abx : a 
c 


2 
Therefore a——+b+—=a— 2 1 94 


— . — fo regia | 
4: Add If and * together. A LE 
5. Add , = and 7 together. dof *+75 
6. Add = and 55 together. 4 —— 
7. Add . to 324 —. An. 1 
8. I is required to add 4, : 2 and together. 


9. It is required to add 7 Lan 2x+1 


10. It is required to add 4x, — and 2+. together, 


11. It is required to add gn +— and x—— together. 


— 
— — 


— A 


* In the addition of mixed quantities, it is beſt to bring the 
fractional parts only to a common denominator, and to affix their 
ſum to the ſum of the integers. 


D 


26 FRACTIONS. 


PROBLEM VII. 
To ſubtract one fractional quantity from another. 


RULE. 


1. Reduce the fractions to a common denominator, 


as in addition. 
2. Subtract the numerators from each other, and 


under their difference write the common denominator, 


and it will give the difference of the fractions re- 
quired. 
EXAMPLES. 


1. To find the difference of 5 and = 


XXII=I1x 
2X. 3= 6x 


911833 
11 6. g 


DD 
2. To find the difference of — 
36 5c 


(x—a) X Sc = c- ac 


(2a—4x) * 3b=bab—1 26x 


= difference required, 


36X5e=1I5bc 553 
gexm—5ac bab—12bx__ 5cx—5ac—bab+12bx _ 
„ 15e TD 
dee ee reguired. ä 


— — 
* 


——— 


* The ſame rule may be obſerved for mixed quantities in ſub- 
traction as in addition. 
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3. Find the difference of - 7 and 5 dof, 2 


4. Find the * of 5y and _ Anſ. 312 


5 ind the 33 of 55 and © 7 45ů. het Au 


x+a c 
7 _— 


4 —— 
— 


7. Required the difference of _— and —.— 


24xr+8a—10b1— 356 
Anſ. = 
8. . Find the difference of 4x+ * f and x 


450 2 42 Sees 


6. Required the difference between 


PROBLEM VIII. 
To multiply fractional quantities together. 


RULE *. 


Multiply the numerators 2 for a new nu- 
merator, and the denominators for a new deaominator, 
and it will give the product required. 


* 1. When the numerator of one fraction, and the denominator 
of the other, can be divided by ſome quantity which is common 


to each, the quotients may be uſed inftead of them. 
2 2. When 


28 FRACTIONS. 
EXAMPLES, 


1. Let it be required to find the product of — 


and = * === product required. 
2. Find the product of , Tin d . | 
Wee W I = frodud? required. 
3. Find the product of — — and _ 


3 |=! af pr —= product required. 


N (a+ c) Tac 

| 3x 43% ger 

4. Find the product of 2 and 7 Au,. — 
| 1 

5. Find the product of 75 and 2 Auf. wo 
6. Find the continued product of — — * 3 and = 

c 

' Anſ. gax. 

5. It is required to find the product * 254 
45 / cn 


— 


2. When a fraction is to be multiplied by an integer, the 
product is found by multiplying it by the numerator; and if the 
integer be the ſame with the denominator, the numerator may 
be taken for the product. 

When a fraction is to he multiplied by any quantity, it is 
the ſame thing whether the numerator be multiplied by it, or 


the — divided by it. 


FRACTION S. 29 


2. 32 2422 
8. Required the product of = ＋ 24272 8 


: be 
. x+1 X——] 
g. Required the product of 9 and — 


PROBLEM IX. 
To divide one fracbional quantity by another. 


RULE *®. 


Multiply the denominator of the diviſor by the 
numerator of the dividend, for a new numerator, and 
the numerator of the diviſor by the denominator of 
the dividend, for a new denominator. 

Or, which is the ſame thing, invert the diviſor, and 
proceed exactly as in multiplication, 


EXAMPLES, 
1. Find the quotient of 5 divided by = 


1 


. IA guotient required, 


2. Find the quotient of 2 divided by © 


0 E 
Ru = quotient required, 
3 4c abc 236 F4 ＋ quire, . 


* 1. If the fractions to be divided have a common denomina- 
tor, take the numerator of the dividend for a new numerator, 
and ths numerator of the diviſor for the denominator. 

D 3 2. When 


30 FRACTIONS. 
x+6 


x+a 


4 x+a 
3. Find the quotient of 2 divided by 2 


x+a 53x+a_ 5x*+bax+a* 
2x20 * x +6 4 ng: « of 


= quotient required. 


4. Find the quotient o ITS avi 2 


2x* Pn a 2x* * 2* 
a*+x* x (a +x*) xXx X -AaN＋Ta 
tient 5. 


| os. 
5. Let = : = be divided by - 17 | Au. 80 
6. Let a be divided by 5x. 450. =; 
x+1 
7. key = mY be divided by : 5 Au. 2 
8. Let — be divided by =. 8 
*4K—1 2 X—1 
be divided by 35 ae IE 
5 9. Let be Aided by 7 Anſ. —_ 
by 2 X—b 
10. Let - I * y — 47 "oa 2 
11. Let = : be divided by . 
x* === 2b x + b* —b 
Anf. 1 


St. Aras. l CY _ - w_—_ —— 


When a fraction is to be divided by any quantity, it is the 
fame thing whether the numerator be divided by it, or the de- 
nominator multiplicd by it. F 

3. When the two numerators, or the two denominators, can 
be divided by ſome common quantity, that quantity may be 
thrown out of each, and the quotients uſed inſtead of the frac- 
tions firſt propoſed, 


(£38 -1 


INVOLU TI ON. 


Involution is the raiſing of powers from any pro- 
oſed root; or the method of finding the ſquare, cube, 
232 &c. of any given quantity. 


RULE “. 


Multiply the quantity into itſelf as many times as 
there are units in the index leſs one, and the laſt pro- 
duct will be the power required. Or 

Multiply the index of the quantity by the index 
of the power, and the reſult will be the ſame as 
before. 

Note, When the ſign of the root is + all the powers 
of it will be +; and when the ſign is — all the odd 
powers will be —, and all the even powers +. 


EXAMPLES» 
a*= ſquare a* = ſquare 
a*= cube . 240 a® = cube 

4 rt Ct = 4th power EO (a8 = 44h power 
a 5th power a'* = 5th power 
&c. &c. 
+ ga = ſquare * 
7a = cube 


_—_ + $14* = 4th power 


— 243a* = 5th power \ 


* The nth. power of any product is equal to the ath. power 
of each of the faQors. multiplied together. 

And the nth. power of a fraction, is equal to the nth. power 
of the numerator, divided by the nch. power of the denominator, 


32 INVOLUTION. 
+ 4a = ſquare 


— Sar, = cube | 
dalle S fl jouer 
| = 5th power 


== 2ax*, root 


x 

= Auare 
* "I 
, root = cube 
a a 

4 


x3 Tax + af x 


+ ax*+2a*r + 4 
a2 + 2 ＋ 9 + aI= cube 


— 


er third power of x . 


INVOLUTION, 33 


EXAMPLES FOR PRACTICE. 


1. Required the cube or third power of 245. 
Anfſ. 845, 

2. Required the 4th power of 2. An}. 1644. 
3. Required the 3d. power of — 849. 
« Anſ. —5 12399. 


24*x 16454. 


4. To find the biquadrate of — * Au.. Irr- 


. Required the 5th power of a—x, 
: Auſ. a — $a*x i - 108%;3 +5ax*— x5, 


SIX ISAAC NEWTON's R̃r for raifing 
a binomial or reſidual quantity to any power what- 
ever *, | 


1. To find the terms without the co-efficients. The 
index of the firſt, or leading quantity, begins with that 
of the given power, and decreaſes continually by 1, in 
every term to the laſt; and in the following quantity 
the indices of the terms are o, 1, 2, 3, 4, &c. 

2. To find the unciæ or co-efficients. The firſt is 
always 1, and the ſecond is the index of the power : 
and in general, if the co- efficient of any term be 
multiplied by the index of the leading quantity, and 
the product be divided by the number of terms to that 
22 it will give the co- efficient of the term next 
ollowing. 


*— 


This rule, expreſſed in general terms, is as follows: 


a+ =O +ns Ibn Ln 1 P 
| 2 
b3 &c. 


Co a ne bn Dl ren DI DTS 
6 2 


33 &c, a 


- r 


— 


34 INVOLUTION. 


Nete, The whole number of terms will be one more 
than the index of the given power; and when both 
terms of the root are +, all the terms of the power 
will be + ; but if the ſecond term be —, all the odd 


terms will be +, and the even terms —. 


EXAMPLES, 


1. Let a T be involved to the fifth r. 
The terms without the co-efficients will be # 
a, r, , 4 45 aa“, a*, | 


and the co-efficients will be 


5X4 10X3 10X2 5X1 
I, 5 — — , 2, c__—_ 

D 
And therefore the 5th power is 


a +54; + 10a*%:*+ IO 3+ gax*+ 25, 


2. Let -a he involved to the 6th power. 
The terms without the co-efficients will te 
. 4 5, a“, 4 7”, a*a*, aa, ” pf 
and the co-efficients will be 
„ 6X5 15X4 20X3 1I5X2 6X1 
%% „,, . 
2 3 4 5 6 
or I, 6, 15, 20, 175 s I, 
And therefore the 6th power of x —a is 
x*—biia+15i*a*—20: eg -G + af, 


8 3. Find the 4th power of x — 4. 


Anſ. x*—4*x*a+6:9*— 4 + a+, 


4. Find the 7th power of «+ a. | 
Anſ. x T aa +353 + 35 ˙ 2 21745 


7a . 


The ſum of the co-efficients in every power is equal to the 
number 2, raiſed to that power, This 1+1=2 for the iquate; 
I+2+1=4=2:* for the cube; 1+3+3+1=8 for the 4th 
power, &c. EY: 


( 35 J * " 


EVOLUTION. 


Evolution is the reverſe of involution, or the method 
of finding the ſquare root, cube root, &e. of any given 
quantity. 


CASE I. 
To find the roots of fimple quantities. 


RULE *, 


Extract the root of the co-efficient for the nume- 
rical part, and divide the index of the letter, or letters, 
by the index of the power, and it will give the root 
required. | 


EXAMPLES. 
7. Required the ſquare root of gx*, and the cube 


* . F 9 
Anſ. Vn =3x; and *1/ 8x*=2x3 =2X, 
2.2 


2. Required the ſquare root of — and the cube 


root of 8x7. 4 


2 7 


* Any even root of an affirmative quantity may be either + 
or —; thus the ſquare root of +a*® is either +a, or —a: for 
(TX (Ta = ＋D, and (-a) * (-) tar. 

And an odd root of any quantity will have the ſame fign as - 
the quantity itſelf: thus the cube root of +a3 is +a, and the 

cube 
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3- Required the ſquare root of 34 6 Auſi ax Vz. 
4. Required the cube root of — 1254. Anf. — ax 


| 2 
Pn eee =: An/. 3 


6. Required the 4th root of 162.8. Anſ. ꝛa. 


7. It is required to find the 5th root of — 3 257. 
b Anſ. —=2xy* 


CASE IL 
To find the ſquare root of a compound quantity. 


RULE. 


1. Range the quantities according to the dimen- 
ſions of ſome letter, and ſet the root of the firſt term 
in the quotient. 

2. Subtract the ſquare of the root, thus found, 
from the firſt term, and bring down the two next terms 
to the remainder for a dividend. d 

3. Divide the dividend by double the root, and ſe: 
the reſult both in the quotient and diviſor. 

4. Multiply the diviſor, thus increaſed, by the term 
laſt put in the quotient, and ſubtra the product from 
the Keidend; and ſo on, as in common arithmetic. 


— 


cube root of —a3 is — ; for (+a)x (TX (+4)=+43, and 
(—84)x( 4a)X(—4)=—43. 
Any even root of a negative quantity is impoſſible ; for neither 
(+4) x (+a) nor (- 2) x { —8) can produce — a*. 
The nth. root of a product is equal to the nth. root of each of 
the fators multiplied together. 
And the nth. root of a fraction is equal to the th. root of the 
aumerater, divided by the »th. root of the denominator, - 


EVOLUTION. 35 


EXAMPLES, 


1. Extract the ſquare root of a*—43%+6x*—4x+ 1, 
ad TGA -A +1(x*—2x +1 root 
A 


—cW.._ 


2& — 23) —4 34+ 6x* 
S +4 


2a*—4x + aa: ents 
2x*—4x-+1 


Extract the ſquare root of 18 124 * 4 1345 | 
4 

A + Za +134*x*+6ax3 + a*(24* + zar A* 

4a* 


4a* + 3ax)428*> + 132 
I2&*x + ga 


4a* + bar x*) 44*x*+ barx*+ a+ 
— + 6ax*? + xt 


* 


3. Required the ſquare root of a*+4a*r+6a*x* 
*+ 4ax* + “. Anſ. a + 2ax TA. 


4. Required the ſquare root of 2. — 2 +3x*— 
=+ =. Auſ. a -x +. 
5. It is required to find the _ root of 4 Kas. 


4 
Anf. — St = — &c. 
K 
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CASE III. 
To find the roots of powers in general. 


RULE *, 


1. Find the root of the firſt term, and place it in 


the quotient. 
2. Subtract its power, and bring down the ſecond 


term for a dividend. 
3- Involve the root, laſt found, to the next loweſt 
power, and multiply it by the index of the given power 


for a diviſor. 
4. Divide the dividend by the diviſor, and the quo- 
tient will be the next term of the root. 
Involve the whole root, and ſubtrat and divide 
As bakers fore; and ſo on till the whole is finiſhed. 


EXAMPLES. 


I. 3 the ſquare root of a*—24"x+3a 3a? 
— 2ax* þ x*, 
tf —20x+30*x*—20x* +x*(a* —axÞ+ x* 
a* 


24) — 24 


24 + a 


za 2a*x* 


14 


2 30% 203% +2 


* 


1 


— 


* As this hated, 1 in high powers, is 3 thought too 
laborious, it may not be improper to obſerve that the roots of 


compound quantities may ſometimes be eaſily diſcovered thus: 
1. Extract 


EVOLUTION. 39 


2. Extract the cube root of x*+6x5*—40x?+ g6x 
— 64. 
x*+6x* —40x* +96x—b4(x*+ 2X—4 


* 


3 * 645 


264625 + 12x*+8x* 


34*) — 12a“ 


* + G -A + 96x — 64 


* . 
3. Required the ſquare root of a ＋ 2ab+ 2ac+6* 
Tze. Auſ. a+b+c. 
4. Required the cube root of x*—6x5+15x*—20 
a TIF -r +1. An. *=2x+1. 
5. Required the biquadrate root of 16496. 
+ 216a*x*—216ax* + 814“. Anuſ. zac — 3x. 


6. Required the fifth root of 32x5—80x*+80x%— 
40x* + 10x—1. | An. 2X—1. 


ee ES 


— 


1. Extract the roots of all the ſimple terms, and connect them 
together by the fign + or —, as may be judged ſuitavle for the 

rpoſe. 

2. Involve the compound root, thus found, to the proper 
power, and, if it be the ſame with the given quantity, it is the 
root required. | 

3. But if it be found to differ only in ſome of the ſigns, 
change them from + to —, or from — to +, till its power 
agrees with the given one throughout. 

Thus, in the fitth example, the root 2a— zx is the diffefence 
of the roots of the firſt and laſt terms; and in the zd example 
the root a+b+c is the ſum of the roots of the 1ſt, 4th and 6th 
terms, The ſame may alſo be obſerved of the 6th example; 
where the root is found from the firſt and laſt terms. 


E 2 
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S U R DVS. 

Surds are ſuch quantities as have no exact root, be- 
ing uſually expreſſed by fractional indices, or by means 
of the radical ſign . | 

Thus, 2z denotes the ſquare root of 2, and 37 the 
cube root of the ſquare of 3; where the numerator 


ſhews the power to which the quantity is to be raiſed, 
and the denominator its root. 


PROBLEM TI. 
To reduce @ rational quantity to the form of a Surd. 


RULE, 


'- Raiſe the quantity to a power equivalent to that 
denoted by the index of the ſurd, and over this new 
quantity place the radical ſign, and it will be of the 
torm required. 


EXAMPLES, 


1. It is required to reduce 3 to the form of the 
{quare root. | | 
Firft 3X3==3*=9 ; whence V/ the anſwer. 

2. It is required to reduce 2x* to the form of the 
cube root. 

Firſt, 2x*X2x* K 2x*=(2a*)*=846; whence *\/8x*® 
or (835); the anſwer. 

3. Reduce 5; to the form of the cube root. 

| Anſ. (12 5) 

4. Reduce 2% to the form of the ſquare root. 

| Arſe Hie. 
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. Reduce 2 to the form of the 5th root. Anſ. (32). 


6. Let 22 be reduced to the form of the 7th root. 


7, Reduce a+6 to the form of the ſquare root, and 
a—b to the form of the cube root. 


PROBLEM II. 


To reduce quantities ; 4 different indices to other equi- 
valent ones, that ſhall have a common index. | 


RULE, 


1. Divide the indices of the quantities by the 
iven index, and the quotients will be the new indices 


r thoſe quantities. 

2. Over the ſaid quantities, with their new indices, ' 
place the given index, and they will make the equi- 
valent quantities RR , erty 

3- A common index may alſo be found by reducing 
the indices of the quantities to a common denomi- 
nator, and involving each of them to the power de- 


noted by its numerator. 


EXAMPLES, 


1. Reduce 1 gs and 95 to equivalent quantities 
having the common index 2. | 


I I I 2 2 : 


Therefore (152) f and (97) 4 quantities required, 


42 Und 8. 


2. Reduce a* and x* to the ſame common index I» 
L418 08 


£3 14 
e (a6) and (à2) 1 = = quantities required, 
J. Reduce 35 and 27 to the common index 7 3. 
Sz 412, (27)® and (d. 
4. Reduce a7 and 3 to the common index 3. 


A5. (40 and (308. 
5. Radon a” and 4 to the ſame radical ſign. 


: 6. Let (a-+8)z and (a—b)3 TA to a common 
x. | 


aden 


Let 10“ and 100? be reduced to a common 


PROBLEM III. 
. To reduce furds to their moſt ſimple terms. 


: | RULES, 

Find the greateſt power contained in the given ſurd, 
and ſet its root before the remaining quantities. with 
the proper radical ſign between them. | 


— — 


„— 


— 


® eee it is already 
in its moſt ſimple terms. 


S8 UR DS. =” 


EXAMPLES: 


1. It is required to reduce 4/48 to its moſt ſimple 
terms. 

/48=v/(16X3)=V/16XY/3ZE4XV3E4 3 
the Anſwer. 


2. It is required to reduce / 108 to its moſt ſimple 
terms. 
1M 1084 (27 X4) = 27 X34/4=3 X14 
=3'4/ 4 the Anſwer. 


Reduce 4/125 to its moſt ſimple terms. 
Anſe 55+ 


4. Reduce * . to its moſt fmple terms. i 
; An/. * zo 
5. Reduce 7 81 to its moſt ſimple terms. 
| 4 Aus. 3 V3. 
6. Reduce 78 to its moſt ſimple terms. 
7. Reduce 4/g8a*x to its moſt ſimple terms. 
Anſ. ax. 
+ 8. Reduce a (x*—a*x*) to its moſt fimple terms, 


9. * (24 ͤ ＋ 34 to its moſt fimple 
terms. 


10. . (3246-964 to its moſt ſimple 
terms. Zo -O 
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PROBLEM IV. 


To add ſurd quantities together. 


RULE, 


1. Reduce ſuch quantities as have unlike indices 
to other equivalent ones, having a common index. 

2. Bring all fractions to a common denominator, 
and reduce the quantities to their ſimpleſt terms, as in 


the 1lait problem. 

3. Then, if the ſurd part be the ſame in them all, 
annex it to the ſum of the rational parts, with the 
fign of multiplication, and it will give the total ſum 


required. | W 
ut if the ſurd part be not the ſame in all the quan- 


tities, they can only be added by the figns + and —. 


EXAMPLES. 


x. It is required to add 4/27 and 4/48 together. 
Fit, /27=4/ (9X3) =34/3, and /48=4/ 
(16X3)=44/33 

Whence, 3/3+4/ 3=(3+4)v 3=74/;= um 
required. 


2. It is required to add 34/500, and 34/108 to- 

gether. r 

Fir, */,00=3y/(125X4)=5*4/4, and *vf 

108=*1/(27X4)=3*%/4 ; 3 | 
Whence, $*/4+3*/4=(5 = 


um required, 


* 


s. 437 


3. Required the ſum of 4/72 and 4/128. 

Anſ. 14/2» 
4. Required the ſum of 4/27 and 147. 

Anſ. 1043. 


5. Required the ſum of * and 945. 


| Anf. 11 Ire 
6. Required the ſum of *4/ 40 and *4/ 135. 


Auf. 5.5. 
1 15 3 16 
7. Required the ſum of wo and ms 


8. Required the ſum of /*b and 4/644x4. 
9. Required the ſum of 9/243 and 10 363. 
10. It is required to find the ſum of a® and 48. 


11. Required the ſum of 4/27a*x and y/3a*x?, 


PROBLEM v. 
To. ſubtract, or find the difference, of ſurd quantities. 


RULE- 


Prepare the quantities as in the laſt rule, and the 
difference of the rational 3 annexed to the com- 
mon ſurd will give the difference of the ſurds re- 
quired. 5 

But if the quantities have no common ſurd, they 
can only be ſubtracted by means of the fign —. 


| 
| 
| 


2 
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EXAMPLES, 


It is required to find the difference of y 448 
at 112. 


Firſt, /448=4/(64X7)=87; and /112= 
v(16X7)=44/7; 
Whence $4/1—4 /7=(8—4) 1288 V dif- 


ference required. 


2. It is required to find the difference of 1921 
and 247. 
Firſt, Iz (EAN 3)3=4-37; ana 247=(8 K 3) l 
z 
==23T: 


Whence 4.33—2.33=(4—2).3T=2+37 difference 
required. 55 


3. Required the difference of 24/50 and Vis. 


Anſ. 7 Vi. 
4. Required the difference of 3207 and 407. 
U 2.5 f. 
5. Required the difference of v2 and * 
1 Auſ. Fes 
6. Required the difference of (2? and 05. 
Auſ. . Ji. 


7. Find the difference of 4/80atx and Va. 
An. (4a 2a). Võx. 


8. Required the difference of 4* /a*b and 3* Hb. 


9. It is required to find the difference of x and x** 


Un D 58S. 47 


PROBLEM VI. 
To multiply ſurd quantities together. 
RULE. 


Reduce the ſurds to the ſame index, and the pro- 
duct of the rational quantities annexed to the product 
of the ſurds will give the whole product required, 
which may be reduced to its moſt ſimple terms by 
Problem 3. 


EXAMPLES. 

1 It is required to find the product of 34/8 and 
240. 

Here 3X2X+/8X4/6=64/(8X6)=64/48=6+4/ 
(16X3)=6X4X /3=244/3= product required. 

2. It is required to find the product of 4.7% 
and 1. % 
11.3 nr neee 
+ A * 5 * * 23 * Ei Jo 
3 cm — ; 
> 4 1 v15=5 Vs S product reguired. 


3. Required the product of 54/8 and 34/5. 
Anſ. 30 10. 
4. Required the product of =41/6 and * 18. 
5 Au. . 
8 


| L nd. 
5. Required the product 0 and Ss 


22 3%. 


48 e. 
6. Required che product of / 18 and 5 274. 

8 10. 95 

7. It is 1 to find the product of «7 and 47. 

Auſ. (a) J or a. 

8. Required the product of (x 170 * and (X L)) J. 
9. Required the product of x + 4//y and x— yy. 

10. Required the product of (a+ vb)? and, (a 


I). | 
11. It is required to find the product of x* * and x, 


PROBLEM VII. 
To divide one ſurd quantity by anothar. 


RULE, 


Reduce the ſurds to the ſame index, and the quo- 
tient of the rational quantities being annexed to the 
quotient of the ſurds will give the whole quotient re- 
quired, which may be reduced to its moſt mple terms 
as before, | 


EXAMPLES, 
1. It is required to divide 84/108 by 2 4/6. 


82. 4/:(108>-60)=4/18Z4 v:(gx2)=4X3 
M2=124/7= quotient required. 


2. It is required to divide 8%\/512 by 2. 


8 A4 2, and iel Taigszgölaa 473 


; Therefore 2 X4 X 47 =P N quotient required. 
3. Let 6/100 be divided by 34/2. An. 10/2. 


u nn 49 
3. Let 44/1000 be divided by 24. Auſ. 10. 
3 ng s Xt 22 
| Let db divided by 24 Att 
z. Lt eee te let bye AY 


4 
e he art 21 
6. Let 7 mY 80 be OY by : v7 = 
2 9 2 3 2 1 
Let Va or - ar be divided by = aT. 4. - a8. 
s 5 ! | Th 2 75 
g. Let the quantity x* be divided by the quantity **. 
9. Let x*—ad=b+dy/b be divided by æ— Hb. 


PROBLEM VII. 
To involve furd quantities to any poiver. 
RULE, | 


Multiply the index of the quantity by the index of 
the power to which it is to be raiſed, and to the reſult 
annex the power of the rational parts, and it will give 
the power required: | 


EXAMPLES, 


1. It is required to find the ſquare of =o, 
Firf, SM xd, and (a! =aF**mgl= 
9 9 8 
14% 3; 


I hence, 555 (a?) = Hquare required. 


F 


50 8 RDS. 
nw 2, It is required to find the cube of 5 8 37: 

F J So S—125 4 (3) 3 = bes OF 
N eee S0 


TWhence, Ce 25 (7 15 (343)'= cake 
343 343 
required.” 


$. Required the ſquare of 3'v/ 3. as. 999. 
4. Required the cube of 25 or us of 2 * 
5. Required the 4th power of - I A = 


6. 16 is required to ſind the 5 Eh of am. 
7. Its required to find the ſquare of 3+ v5. 
8. It is required to find the cube of 2x—3 yy. 


| PROBLEM 1X. 
o extract the roots of Hard quantities. 


RULE * . 


Divide the index of the given — by the index 

of the root to be extracted, and to the reſult annex the 

„root of the rational part, and it will give the root 
required. | 


th. — — 1 8 * n 


— — RE — — — 


F '* Phe favare root of a binomial or refidual furd 4 LEA, or 
A— , = _ found * take e ALLE, then v(4 


+3)= 


2 Thus the I root tf 842/1=1+v7 and the 
2 

ſquare root of 3— 8 N-: but for the cube, or any 

bigher root, no general rule can be given. 


NU MN Dt 2 ge 


EXAMPLES. 
1. I; is required to find the ſquare root of g'v/ 3. 
Firft, /g=3, and (33) 1 23 ze; 425] 
Whence, (9 3123.38 Square root reguired. 
2. It is required to find the cube root of La 
Firf, SIA and (Gn eit, en 


N hence, 6 ii b= cube roat fad. 2 
3. Required the ſquare root of 10%, Anſ. 101. 
4. Required the cube root of 27% f ore Anſ. 55 
5. Required the 4th root of 3. wee An. 34. x7. 
6. It is required to find the ath. root of . 

7. Required the ſquare root of x*—4x /a-+ 4a. 


INFINITE SERIES. 
An infinite ſeries is formed from a vulgar fraction, 


having a compound denominator, or by extracting the 


root of a ſurd quantity; and is ſuch, as, being con- 
tinued, would run on ad infinitum, in the manner of a 
decimal fraction. 2 

But, by obtaining a few-of the firſt terms, the law 
of the progreſſion will be manifeſt, ſo that the ſeries 
may be continued, without actually performing the 
whole operation. 7 | 

2 
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PROBLEM I. 
To reduce fractional quantities into infinite ſeries. 


RULE, 


Divide the numerator by the denominator, as in 
common diviſion z and the operation continued, as far 
as may be thought neceſſary, will give the ſeries re- 
— 


EXAMPLES. 
1. Let r be propoſed to be thrown into an in- 
a—a)ar..{eb +25 ue. 


ax — 4 * 


INFINITE SERIES. gx 
2. Let 42 be cquverted into an infinite ſeries, 


I+zx)T. e ec , Kc. 
1&4 


3. Let * be converted into an n infinite ſeries, 
b a+x 


4. Let — be converted into an infinite ſeries. 


777 ba, 
An. DX (1=2+ I &c.) 
5. Let — be e into an infinite ſeries. 


Anſ. 1+2x +26 + 23% þ 2x*&fc, 


4 
6. Let: r be converted 1 into an infinite ſeries; 


a+x)* 
2 3 


3 
* e. 


L be converted into an 


7. Let 3 or its equal 
infinite ſeries, | 


INFINITE SERIES. 


PROBLEM II. 
To reduce a compound ſurd into an infinite ſeries. 


- RULE *, 


Extract the root as in common arithmetic, and the 
operation, continued as far as may be thought ne- 
ceſſary, will give the ſeries required. 


EXAMPLES. i 
1. Extract the ſquare root of 4 = in an infinite 


ſeries. 


= a* Fg 
=D 


<8 This rule is chiefly of uſe in extracting the ſquare root, 
the operation being too tedious for the higher powers. 
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2. Let Y or V1+1 be thrown into an infinite 


ſeries, y: $732 I 


Anf. 1 1 Ee. 
3. Let Ya*—a* be thrown into an infinite ſeries. 
3 * af 
| An,. e Oe. 
4. Let /I be thrown into an inſgite ſeries. 
| | x | gas 
416. a "> c. 


5. Let Ya*+6 be converted into an infinite ſeries. 


To reduce a binomial ſurd into an infinite ſeries; 
or to extract any raot of a binomial. 
RULE “. 


Subſtitate the particular letters of the binomial, 
with their proper ſigns, in the following general 
form, and it will give the root required; obſervin 
that r is the firſt term, q the ſecond term divided 
by the frſt, — the index of the power or root; and 


* o, D, &c. the foregoing terms with their proper 


122 


— 2 2 — | 
»+rQ"=p®(a) +488) +—=nale) += : 
% A 


— 7 a — — _— CT DEE TTY WY N Din 2 


When the index — becomes an integer, the rule is the fame. 
25 that before given forthe raiſing of powers, and wice verſa. 


56 INFINITE SERIES, 
| EXAMPLES. 


1. To extract the ſquare root of r*—a?, in an in- 
finite ſeries. 


Here — > Q=- = and — —= 7 =p 05 — 
eee 


3 5 
e e 3 
— 40 e Gee) S. -n 


x* R * 


+= —B += dere re Dc. which, by reſtoring the va- 


os x* 10 
Fs of A, B, c, D, Oc. FR. * — N 


i &, * = = ſri required. 


2. To find the abe 705 Sr or its equal E. 
4+by* in an 2 — | 


Here Pa, D and == . therefore (a+ 8 


ee cen B. DH c = b 


46 


4 
+a) we. = tage e, 
1 Za 3 4a 


Sc. which, by reſtoring the vuluer A, B, c, D, e 
e, S ſeries refuired. 


5 8 
8 PH -  » +#x Wi 373452 151 C3 95 


«4 


2 = +( a(t —Pin)+(—E: c) * 
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3. To find n in an infinite ſeries. 
r+x f bh 
Hf. — +—, E.. 


1 
4+ To find the value of =: * * in an infinite ſeries, 
1 E , 153% 
Aa. 2555 7 WT” „e. 


5. To find the valueof 7 in an infinite ſeries, 


" 16 53* 
— 1 . ie. 
6. To find the di of of (+8)? in an Inka | 
ſeries, 420. n 12847 Se. 


7. Find the value of (eo)? in an infinite ſeries. 


8. To find the value of (a*—3)7 in an infinite ſeries. 
c Oe 
Y 4% % ga) Bia? 20g 


* 
9. Required the ſquare root of 2-25 in an infinite 
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* * „ ax * . . 
11. Required the value of — in an infinite 
W de ne | 
ſeries, | x + 1 TR 
N % 4 "LO" 5 2” 289” Loa 


ARITHMETICAL PROPORTION. 


Arithmetical profortion is the relation which two 
quantities, of the ſame kind, bear to each other, with 
rows to their difference. * 

Four quantities are ſaid to be in arithmetical pro- 
portion, when the difference between the firſt and ſe- 
_— equal to che difference between the third and 

Ou © 0 ed Y» * | Fan 

bY Thus, 1 77 12, 16, and az a+b; Cy c+6, are- 

arithmetically proportional. , 

. Arithmetical progreſſion is when a ſeries of quantities 
either increaſe or decreaſe by the ſame common dif- 


Thus, 1, 3, 5, 7, 9. 11, Sc. and a, a+6b, a+26, 
a+36b, aA, a+56, Cc. are ſeries in arithmetical 
progreſſion, whoſe" common differences are 2 and b, 

The moſt uſeful part of arithmetical proportion is 
contained in the following theorems : - | 

I. If four quantities be in arithmetical proportion, 
the ſum of the two means will be equal to the ſum of 
mes. LE 

Thus, if 2, 5, 7, 10, and a, 6, c, d, are in arith- 
metical proportion, then will 2+10=5+7, and 
4+ = . 1 ; 

II. In any continued. arithmetical 
ſum of the two extremes, and that 
which are equally diſtant from | 


greſſion, the 
any two terms 


are equal to each 


other; -. 
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Tas, in the ſeries, 2, 4, 6, 8, 10, 12, Se. 2＋ 1 12 
=4+10=6+8. 

In. The laft term of any arithmetical ſeriag, i is 

equal to the ſum, or difference, of the firſt term, and 


the produft of the common differenceyby the number & 


of terms leſs one; according as the i is s increaſing 
or decreaſing. 

Thus, the 20th term of 2, 4, 6, 8, 10, 12; eee. 1 
=2+(20—1) X2=2+19Xx2=2+38=40, 

And the nth term of a, a—x, a—2x, a—3#, @—=4Xz 
Oe. is =a—(t—1) Xx=a—(n—1)x. 

IV. The ſum of any ſeries of quantities in arith- 
metical progreſſion is equal to the ſum of the two 
extremes multiplied by half the number of term. 
Thus, the ſum of 1, 2, 3, 4, 5, 6, Sc. continued 10 


l —(1+20)X20 2120 
And the fun Vn terms of a, a+x, 2 Tax, a+3x to 


a+ mx is een 


A. Ing 


1 1 8 
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— 1 * 10 


1. The firſt term of an 3 een 
ſeries is 3. the common difference 2, and the number 
of terms 20; required the ſum of the ſeries. 

_ Firſt, 3 ana Rm 


laft term. 


And, enn iel. fun, 
required. wa 
2. The firſt term of a ec arichnictibal ſerief 


is 100, the common difference 3, and the number of 
terms 343 required the ſum of _ lenics.” wo 


. - 
hs | 
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Firſt, 100=3.(34—1)=100--3.(33)=100-99 
DI laſt term. a 8 5 
And, (100+1) xZ=101 X H=101 X17=1717 
= ſum required. 
3. Required the ſum of the natural numbers 1, 2, 
3» 4+ 5>-0, &c. continued to 1000 terms. | 
"if An/. 500500, 


4. * Required the ſum of the odd numbers 1, 3, 
&, 7, 9, &c. continued to 101 terms. Au. 10201. 


g. How many ſtrokes do the clocks of Venice, 
which go on to 24 o'clock, ſtrike in the compals of a 
dents 2 8 65 A. 300. 
6. The firſt term of a decteafing arithmetical feries 
is 10, the common difference 3, and the number of 
terms 213 required the ſum of the ſeries. Auſ. 175. 


7. One hundred ſtones being placed on the ground, 
in a ſtraight line, at the Uiſtance of a yard from each 
other, how far will a perſon travel who ſhall bring 
them one by one to a baſket, which is placed one 
yard from the firſt ſtone, | 
e og wy} Ans. g miles and 1300 yards. 


dd. 


y — 


* The ſum of any number of terms (a) of the arithwetica! 
ſeries of add numbers 1, 3, 5, 7, 9, &c- is equal to the ſquare 
( of that number. | 
That is, if x, 2, , 9, &c. be the numbers, 
> TY}, 22, 3%, 4*, 5%, Kc. be the-ſums of 1, 2, 3, &c. 


ol : 
For, o- 1, or the ſum of 1 term , or 1 
3, or the ſum of 2 terms 21, or q 


& 4 ＋35, or the ſum of 3 terms = 32, or 9 
977, or the ſum of 4 terms 47, or 6, &c. 
Whence it s plain, that, let n be any number whatever, the 


ſum of n terms will be 2. 


WT 4 
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GEOMETRICAL PROPORTION, 


Geometrical proportion is that relation of two quan- 
tities of the fame kind, which ariſes from conſidering 
what part the one is of the other, or how often it 13 
contained in it. 

When four quantities are compared together, the 
firſt and third are called the antecedents, and the ſecond 
and fourth the con/equents. | 

Ratio is the quotient which arifes from dividing tho 
antecedent by the conſequent, or the conſequent by 
the antecedent, 

Four quantities are ſaid to be ortional, when the 
firſt is the ſame part or multiple of the ſecond, as the 
third is of the fourth. 

Thus, 2, 8, 3, 12, and a, ar, b, br, are geometrical 
proportionals. 

Direct proportion is when the ſame relation ſubſiſts 
between the firſt term and the ſecond, as between the 
third and the fourth. | 

Thus, 3, 6, 5, 10, and x, ax, y, ay, are in direct 


proportion, 


Reciprocal, or inverſe proportion, is when one quan- or ndere 


tity increaſes in the ſame proportion as another di- 
miniſhes. | 

Thus, 2, 6, 9, 3, and a, ar, br, b, are in inverſe 
proportion. | 

A ſeries of quantities are ſaid to be in geometrical 
progre/fen, when the firſt has the ſame ratio to the 
econd as the ſecond to the third, the third to the 
fourth, &c. 

Thus, 2, 4» 8, 16, 32, 64, fc. and a, ar, ar*, ar, | 
1, ar*, fc. are ſeries in geometrical progreſſion. 


G 


$ 
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The molt uſcful part of geometrical proportion is 
contained in the following theorems. 

I. If four quantities. be in geometrical proportion 
the product of the two means will be equal to that of 
the two extremes. 

Thus, if 2, 4s 6, 12, axd-a, ar, b, br, be geomet7:- 
cally proportional, then ui. l 2X12=4 N, and a X br 
=bXar. 5 
II. If four quantities be in geometrical proportion, 
the rectangle of the means , divided by either of the 
extremes will give the other extreme. | 

0 Thus, if 3» 9s 5 155 and x, , , ay, are geome- 


trical proportionale, then will 22 — 15, and — 
Aa 


K. 


III. In any continued geometrical progreſſion, the 
product of the two extremes, and that of any other 
two terms, equally diſtant from them, will be equal to 
each other. FI 1 

Thus, in the ſeries 1, 3, 9, 27, 81, 243, Sc. 1X2 
43=3X81=9X27. : 
IV. In any continued geometrical. ſeries, the laſt 


term is equal to the firſt multiplied by ſuch a power 


of the ratio as 1s denoted by the number of terms 
leſs one. 
Thus, in the (ſeries 2, 6, 18, 54, 162, Sc. 2 x 3*= 


162. 


V. The ſum of any ſeries in geometrical progreſ- 
fion is found by: multiply ing the lat term by the 
ratio, and dividing the difference of this product and 
the firſt term by the ratio leſs one. 

Thus, the ſum of 2, 4, 8. 16, 32,.04, 128, 256, 512, 
SIZX2—2 1 
* * 

And the ſum of n terms of a, ar, ar*, ar, a, c. 

n X*xr—2 ar —2 = « 2 | 


1024 — 2 2 1022. 


to , is 


fl Lf 


2 
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- VE. If four quantities, a, 6, c, d, or 2, 6, 5, 15, 
be proportional, then will any of the following forms 
of thoſe quantities be alſo proportional. 


directly a:b::ctd or 2: 6:: 5: 15. 

inverſely h/: a:: d: c or 6: 2:: 15: 5. 
alternately a: c:: b: d or 2: 5: : 6: 15. 

com foumdediy a:a+b::c:c+d or 2: 8 :: 5: 20. 
dividedly a: b—a:ic:d—c or 2: 4 :: 5: 10. 
mixed Ta: b—a::d+c:d—c or 8: 4:: 20: 10. 
by multiplication ra: rb :: c: d or 2X3:6X3:5 


A Nen 


15. | | 
8. by diviſion ar: l :: c: dor 1:3:: 5:16. 
o. Whenanb:cnd::a: d the numbers a, b, c, d, are 
in harmenical proportion. | 
EXAMPLES. | 
1. The firſt term of a geometrical ſeries is 1, the 
ratio 2, and the number of terms 10; what 1s the 
ſum of the ſeries ? 
Firſt, i X29=1 X512=512= laſt term. 


And, — —— =1023= ſum required. 

2. The firſt term of a geometric ſeries is 2, the 
ratio, and the number of terms 5; required the ſum 
of the ſeries. 


5 1 1 4— 1 1 . 
 Firf, 200 Ra, af farm 
1 . 4 2 24 

eiii TIE Gang 

3 12% nan ; 

27 7 182 Jum required, 
3. Required the ſum of 1, 3, 9, 27, $1, &c. con- 
tanued to 12 terms. Anſ. 2657 20. 


G 2 
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4» Required the ſum of I, 35 35 IT FIT &c. con- 
tinued to 12 terms. 


LE Re uired the ſum of I, 2, 43 3, 16, 32z &e. 
continued to 100 terms, | 


SIMPLE EQUATIONS. 


An equation is, when two equal quantities, dif. 
ſerently expreſſed, are compared together by means 
of the ſign = placed between them. 

Thus 12—5=7 is an equation, expreſſing the 
equality of the quantities 12—5 and 7. 

A ſimple equation is that which contains only one 
unknown quantity, without including its power. 

Thus x—@+6=c is a ſimple equation, containing 
only the unknown quantity x. 

Reduction of equations is the method of finding the 
value of the unknown quantity ; which is ſhewn in 
the following rules. 


RULE I. 


Aay quantity may be tranſpoſed from one ſide of 
the equation to the other by changing its ſign. b 
Thus, if x+3=7, then will æ 2-34. 
And, if x—4 +6=8, then will x==8 +4 —6=6. 
Alſo, if x—a+b=c—d, then will x==—=d + a—6b, 
And, in like manner, if 4*=»=8=3x +20, they will 
4x—3x=20+8, or K 228. 


RULE 1I. | 
If the unknown term be multiplied by any quan- 

tity, it may be taken away by dividing all the other 

terms of the equation by it. 
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Thus, if ax=ab—a, then will x=b—1. 


Aud, if 2x T4 = 16, then will x+2=8, and x 


8—2 =. 


In like manner, if ax + 2ba=3c, then will x ＋ 26 


2 
G& a 


RULE III. 


If the unknown term be divided by any quantity, 


it may be taken away by multiplying all the other 
terms of the equation by it. 


Thus, if —=5 + 3, then will x=10+6=16. 
And, if —=b+e—, then will x=ab+ac—ad. 


In like manner, if 7 8674 then will 2x —6= 


18+12, and 2& 218412 ＋6 36, or e=E=18. 


RULE Iv. 


The unknown quantity in any equation may be 
made free from ſurds, by tranſpoling the reſt of the 
terms by Rule 1, and then involving each fide to ſuch 
a power as is denoted by the index of the ſaid ſurd. 


Thus, if xfx—2=6, then will /x=6+2=8, 
and x=8*=064. 88 
Aud, if Vax+i6=12, then will 4x+16=144, 


r 4x=144—15=128; and if both fades of the equa- | 


tion be divided by 4, x will be = 32. 
G 3 


1 
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In like manner, if 1 2zx+3+4=8, then will 
* 2x+3=8—4=4, and 2x+3=4*=04, and 2x= 


64—3=61, or x=—==304. 


RULE V. 


If that fide of the equation which contains the 
unknown quantity be a complete power, it may be re- 
duced by extracting the root of the ſaid power from 
both ſides of the equation. 

Thus, if x*+6x +9=25, then will x +3=4/25=5, 
er X=5 —3=2. 


And, if 33*—-9=21+3, then will 3x*=21+3+ 


933, and =D =1 I, or X=w/I1. 


; 2 
In like manner, if = I0=20, then will 2x*+ 


30=60, and x*+15=30, or x*=30—I5=15, or 
XZM IS. - 


RULE VI. 
Any analogy or proportion may be converted into 
an ET making the product of the two mean 
terms equal of that of the two extremes. Ae 


Thus, if 3x: 16 :: 5: 10, then will zx X10=16 X5, 
2 


and 30x=80, or x e 22. 
oO 3 | 
Ana, en bre, then will ——=ab, and ⁊c 


» b 
=3ab, or Ae. 
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In like manner, if 12=x:i=it4: 1, then will 12 


ar, and zx +x=12, er = 


RULE VII. 


If any quantity be found on both fides of the equa- 
tion with the ſame ſign, it may be taken away from 
each; and if every term in an equation be multiplied 
or divided by the fame quantity, it may be ſtruck out 
of them all. 


TI, if 4x+a=b+a, then will Ar =, and 
& 2. 


4 
And, if 3ax + 5ab==8ac, then will 3x+56=8c, 
— 


and x 0 


In like manner, * 2 5 then will zx 165 


and x8. 


| MISCELLANEOUS EXAMPLES. 


1. Given 5x—15=2x+6 to find the value of x. 
Firſi gx—2x=6+15 
then 3x=21 


r. 
2, Given 40—6x—16=120—14x to find x. 


Firſt 14x —6x=120-—-40+16 
then 8x==56 
96 


and therefors a = I. 
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3. Let 5ax—3b6=24x+e be given, to find x, 
. Firſt, gax—2dx=c+3 

or (Fa- 2d) Xx=c+36 

c+36 

54 —24 


and therefore 42 


4. Let 3x*—10x=8x+=x* be given to find x. 
Fir, 3XxX—10=8+x 
and then 3x—x=8+10 


_ therefore 2X=18, and g. 
9. Given 6a1i—12abx*=3ax* +6bax?, to find x. 
Firſt, dividing the whole by 3ax*, we ſhall 
have 2x —4b=x+2 


and then 2x —x=2 +46 
whence X=2-+ 46. 


6. Let od ==10, be given to find x, 
2 3 4 
| 2x 2x 
Fir, x——+—=20 
TY | 
and then 3x—2x+—=60 


and '2x—8x +6x=240 
| therefore 10x =240 


— 12220 2 
3 


7. Given 


Fir, x—3 1 4 19. 


and then zu —9 +2x=120—3x—57 
and therefore zæ & a2 + 3*=120—57 +9, 


that is dx y, or Fg Ex 
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$8. Let /*x+;5=7, be given to find x. 
Firſt, /4x=7—,=2 


and then x2 


12 
and 2X=12, er * = 2. 


3 —— 2 
9. Let x + Va + x pat 


to find x, 


Firſ, x i +3x* 2 
and gen * Va* + x*=0a*%—x® 

and , (a* +x*) =(a* —— - 
er a + x*=a*—-20*x* + x* 

WHence a"x*+ 24"x"=a*, or 3a * 


aud conſequently x* == and x= N vo. 


EXAMPLES FOR PRACTICE. 
I, Given 3—2 424231 to find y. Anſ. y=3. 
2. Given x + 18=3x==5 to find x. Auſ. xk 114. 


3. Given 6—2x+10=20—3x—2 to find x. 
An. & 22. 


4. Given Tl 1 to find x. Anf. x=6., 


\ 5. Given 2x——-1x+1=5x—2 to find x. 44. 1. 


6. Given zax+=—3=bx—a to find x. 


p 6— 342 
. GT 
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7. Given 4x+4x—4x=* to find x. of: — 


8. Given V: (I2 T) 2＋ x to find x. An. x=4. 


K * 


9. Given & 4a to determine x. An -A 


4 Tx 


10. Given : (* + af) - TA to find x. 
| b* af 


2Q 


11. Given Vet Viet) EXT) to find x. 


| : © O32 PR: 1 __ "OT 
12. Given x+ V: (a*+x DN to find x. 
Anſ. Ja V. 
13. Given x+a=v/: (a*+x 446*+x*)to =o 4. 
4. x=— —8. 
uf. = a 


PROBLEM I. 


To exterminate two unknown quantities, or to reduce 
the two fimple equations containing them, to a ſingle one. 


1. Obſerve which of the unknown quantities is the 
leaſt involved, and find its value in each of the equa- 
tions, by the methods already explained. 

2. Let the two values thus found be made equal 

to each other, and there will ariſe a new equation 
with only one unknown quantity in it, whoſe value 
may be found as before. 


SIMPLE EQUATIONS. 71 


EXAMPLES, 


FF ANIONS | 
1. Given { . — to find æ and y. 


From i firft equation x= — 


and from the ſecond x — — 
_ — 2y 
Ny > rage 
5 
or 5 
or 19 y=I15 - 20 = g], 


conſequently 


2. Given 1 to find x and . 


From the ſinſt equation x=a—y, 
and from the ſecond ax=b-þy, 
Therefore n + y, or 2y=a—b, 


conſequently 3 45 and x=a—y 


3. Given 1 St | to find x and y, 
1 9 


From the forft equation X= 14——=, 


and from the ſecond x=24—D, 
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Therefore 14 = =24—D 


and 42—2 y=72—2, 


2 
or 84—43=144—9) 3 
aubence 5 y= > +4 —84 20, 


92” "ds 

2y. 224 
id X=Z14——==14-T=6. 
val wales. AE 


Given 4x+y=34, and 4y+x=16, to find & 
and Ye Aa. x#=8, and y=2:; 


5. Given Z+L=2. and EI N, to find 
3 4 0 4 120 


han 4 Anſ. * and = 


6. Given x+y=s, and x*—y*=4, to find x and y. 
Anf. 3 — 7 
— 24 


7. Given x- d, and x: :: 2: , to find x 
and . 5 | 


7 ande 


RULE 11; 


1. Conſider which of the unknown quantities you 
would firſt exterminate, and let its valuc be found in 
that equation where it is the leaſt involved. 

2. Subſtitute the value, thus found, for its equal 
in the other equation, and there will ariſe a new 
equation, with only one unknown quantity, whoſe 
value may be found as before. 
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EXAMPLES, 


1, Given 3 to find x and y. 
From the firſt equation * 17-25. 


And this value Subſtituted for x in the ſecond, gives 


(17 —2y) X Z—y=2, 


that is 7 y=51--22=49 3; 
== =7, and Xz17 - 252217 —14=3- 


whence y=— 


2. Given 3 to find x and . 
From the firf equation X=13 —y 
And this value being ſubſtituted for x 0 2 2d, 
gives 13 —y—J==3, or 13==2y=3, 
that is 2 yz=13—3=10, 


awhence . and x=13—y=13—5=8. 


3- Given f 55 wh to find x and . 


The firſt analogy turned into an equation 
EW 


is GM gay, or & Fo 
And this walue of x being Subſitured i in the 20, 
gives (=) +5? =c, or or 2% e, 
2 2 cb* 
or a*y* + b*y prota. INT 


Ny 
evbence J=(- IT 7p) and =) 


H 
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4. Given 2x+3y=16, and 3x—2y=11 to find x 
and y. | Anſ. x and y=2, 

5. Given + 90 and =+7%=s5 1, to find x 
and . | Anſ. x==7 and y=14, 
& 1 M 25 — 


42232 — 


5 4 
+27, to find x and y. An/. x==60 and y==40, 


6. Given * —12==+8, and 


7. Given a:6b::x:y, and x*—y*=4, to find x 
and y. 717 + 
Ap) =, and (=) 


RULE III. 


1. Let the given equations be multiplied or divided 
by ſuch numbers or quantities as will make the tern 
which contains one of the unknown quantities the 
fame in both equations. 

2. Then by adding or ſubtracting the equations, 
according as is required, there will ariſe a new equs- 
tion with only one unknown quantity, as before. 


EXAMPLES. 


en \ 3x+55=40 
1. Given | x 4. 5ngt to find x and . 
Firſt multiply the 24 equation by 3, and it 
will give 3x + 6y=42, 
Then, from this la equation ſubtract the jj 
and it will give 6y—5 y=42—40, or y=2, 
and therefore x=14—2314—4=10. te 


e 
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2. Given { TVET to find x and y. 


Let the I equation be multiplied by 2, and the 2d by 
5, and wwe ſhall have 10x— 6y=18 
IOx + 25 z=80 _. BY 
and if the former of theje be ＋ birated from the latter, 


it will give 31y=62, or =. "=2, 


and conſequently — 55 1 b the firſt equation, 55 


Another method. 


Multiply the firſt equation by 5, and the ſecond by 3, 
and ve ſhall have r 
br TA 2 , — 16 
Now, let theſe two equations be added together, 


and it will give 31x=93, or — 11s 


and conſequently J=—= _ by the ſecond equation, 


16—6 
or =: as before. 


5 
MISCELLANEOUS EXAMPLES. 


Y+5 


2 x 
1. Given 


i and + lox=192, 
to find x 7 | An. xz=19 and y=3» 


2y + Xx 


2. Given —2+14=18, and + 16==19, 


to find x and y. ik Anſ. xx=5, and y==2. 
2 
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. 


find x and y. Ars. b and y=8. 
+ Given ax+b;=e, and ar Tee. to find x 
and . ce af dc 
4270 — and JET 


PROBLEM II. 


To exterminate three unknown quantities, or to reduce 
the three fimple equations, containing them, to a ſingle 


one. : 
RULE, 


1. Let x, u, and z, be the three unknown quan- 
tities to be exterminated. 

2. Find the value of x from each of the three 
given equations. 

3. Compare the firſt value of x with the ſecond, 
and an equation will ariſe involving only y and x. 

4. In like manner, compare the firſt value of x with 
the third, and another equation will ariſe involving 
only y and ⁊. | 

5. Find the values of y and z from theſe two equa- 
tions, according to the former rules, and x, y, and z, 
will be exterminated as required. | 

Note. Any number of unknown quantities may be 
exterminated in nearly the ſame manner; but there are 
often much ihorter methods for performing the opera- 

tion, which will be beſt learnt from practice. 
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EXAMPLES. 


| x+ y+ 229 
1. Given 4 x+ 9 55 to find x, y, and x. 
zx+xy+zz==10 
From the firſt equation X29 —y—2. 
From the ſecond x=62 —2y—3z, 

27 * 

= 
whence 29 —y —Z=02—2y— Z2z 


2 
and 29—y—2==20——=—=, 


From the third x—=20— 


3 
but, from the firſt of 852 equations, „ 
231 — 2, 


and from the . i- 


2 
therefore 33—22=27—=, or $=12, 


and y==62—29—22=62—29=—24=9, 
and x229— y— $=229—12— 9g==8. 


| 2x D. | 
2. Given 1 DTA) J to find x, y, and x. 
4 +32=38 
Firſt, the given equations, cleared of fractions, become 
N 12x+ 85 ＋ 62==1488 
20x 15 T 12K 2820 
30x + 245 + 202z==4560 
Then, if the ſecond of theſe equations be ſubtracted 
from double the firft, and three times the third from froe 
times the ſecond, we ſhall have 
AX ＋ y=156 | | 8 
IOx + 3 y==470 
H 
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And again, if the ſecond of theſe be ſubtracted from 
three times the Lo it will + 9 A 1 


I2X—10x=468—420, or . =24 


1488 —8y—12x 
6 


==120, 


Therefore y=156—4x==bo, and = 


3. Given x+y+==31, 2x+3y3+42=76, and 
3x+4z +5z=107, to find x, 5, and x. 
Anſ. x=20, y==8, and 2=3. 


4. Given x+y==a, x+2==6, and y+z=c, to find 


Xx, , and æ. 
ax + by + ez =m 
F. Gwen q dx An | to find x, y, and x. 
gx + hy + kz=p 


A COLLECTION OF QUESTIONS FRODUCING 
SIMPLE EQUATIONS, 


1. To find two numbers, ſuch that their ſum ſhall 
be 40, and tneir diffcrence 16. 


Let x denote the lea of the two numbers required, 
then will x + to the greater, 
and x + x + 16==40 by the queſtion, 
that is z — 164, 


or x=**—12= leaſi number, 


2 
and x + 16=12+16=328== greater number required. 
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2. What number is that whoſe + part exceeds its 
2 part by 16? 
Let x== number required, 


then will its 5 part be 5 and its + part 7 ; 
and theref:re — 16 by the queſtion, 


that is x—3-=48, or 4x—3x=1923 
whence x=192 the number required. 


3. Divide 1000l. between a, B, and c, ſo that a 
ſhall have 721. more than B, and c 100]. more than 4. 
Let a B's ſhare of the given ſum, 
then will x +72= A ſhare, 
and x +172=c's ſhare, 
And the ſum of all their bares x+x+72+x +172. 
or 3x + 244==1000 by the gueſtion, 
that is 3+=1000—244==756, 
or 1 = B's are, 
and x +72=252+ 72==324l.=a's Hare, 
and x + 172=252 +172==4241.=c's ſhare. 


1oool, the proof. 


4. A prize of 1000l. is to be diviied between two 
perſons, whoſe ſhares therein are in the proportion of 7 
to 9: required the ſhare of each. 

Let x= firſt perſon's ſhare, 
then will ic00—x= ſecond perſon's ſhare, 
and x: Io -:: 7: 9, by the queſtion, 
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that is gx==(1000—x) x 7Z=7000—7x, 
or 9x +7x==16x=7000, 
whence x=S—==4371. 10s. = 1/ Hare, 


and 1000—x==1000—4371. 108.==5621. 10s. 2d ſhare. 


5. The paving of a ſquare at 2s. a yard, coſts as 
much as the incloſing it at 58. a yard: required the 
ſide of the ſquare. 3 

Let x== fide of the ſquare ſought, 

then Ax yards of incloſure, 

and x*= yards of pavement ; 

wwhence Ax & 53=204x== price incloſing, 

and x* X 2=2X*= price of paving. 

But 2x*==20x by the queſtion, 
therefore x*==10x, and x=10== length of the ſide 
required. 


6. A labourer engaged to ſerve for 40 days upon 
theſe conditions, that for every day he worked he was 
to receive 20d. hut for every day he played, or was 
abſent, he was to forfeit 8d. now at the end of the 
time he had to receive 11. 11s. 8d. it is required to 
find how many days he worked, and how many he 
was idle. 

Let x be the number of days he worked, 
then will 40—x be the number of days he was idle, 
alſo x x 205=20x= ſum earned, 

and (40 - R8=320—8x:== ſum orfeited, 
avhence 20x—(320—8x)=3B80d. (=1/. 115. 8d.) by 
the queſtion, that is 20x 320 ＋ö dx==380 

or 2 8& 2 380 + 329=700, | 
and === 5= number of days he worked, 
and 40—x=40—-25=z15= number of days he 


Twas idle. 
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7. Out of a caſk of wine, which had leaked awa 
3, 21 gallons were drawn; and then, being gauged, 
it appeared to be half full: how much did it hold? 


Let it be ſuppoſed to have held x gallons, 
Then it would bave leaked = gallons, 


| 3 
and conſequently there had bern taken away 21 e. 
gallons. * 


But 21 75 by the queſtion, 


That it 63 +x=E, 


or 126+ 2x=3x 
bence 3x —2x==126 
er x=126= number of gallons required. 


8. What fraction is that to the numerator of which, 
if 1 be added, the value will be!; bat, if 1 be added 
to the denominator, its value will be x? 


Let the fraction be repreſented by 7 
„ KI 1 


or 3x +3=y, 
and 4x=y-+ 1, 
bence 4x—3x—3=y+1—y 
that is x—-3=1 
or x A, and y=3x+3 
=12+3=15 


Oo that 5 = fraction required. 
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9. A market-woman bought in a certain number 
of eggs a 2 a penny, and as many at 3 a penny, 
and fold them all out again at the rate of 5 for two- 

ence, ad by io doing loit 4d. what number of eggs 


ad ſhe ? 
Let x= number of eggs of each ſort, 


Then will = = price of the firſt ſort, 


and = = price of the ſecond ſort. | 
But : 2 12 2x (the whole number of eggs) : > ; 
therefore x price of both forts together, at five for 245 
8 2 9 by the queſtion ; —- 


that is 1 dh. 3 
1 


24 
or 3x 3 ; 


or 15x + IOx—24xX==120 
ewhence x==120== number of eggs of each ſort required, 


10. If a can do a piece of work alone in ten days, 
and B in thirteen; ſet them both about it together, 
in what time will it be finiſhed ? 

Let the time ſought be denoted by x; 
Then 10 days: 1 work :: x days: = 
and 13 days: 1 work:: x 4j 


hence = = part done by a in x days; © 


and 7 = fart done by n in x days. 


SIMPLE EQUATIONS. 83 
Conſequently ot 13 


That is 1 +8=13, or 13x + 10x==130z 


And therefore 23x==1750, or l days, the 


time required. ' 

11. If one agent a, alone, can produce an effect e, 
in the time 4, and another agent B, alone, in the time 
b; in what time will they both together produce the 
ſame effect? 


| Let the time ſought be denoted by x, 
Then @:e::x: —= part of the effett produced by a, 


 andb:e:: x: 7 part of the ec produced by n, 


ao hence . by the queſtion ; 


n 
or Iz 
INS ..-- - 


2 2 
that is x + —=a; 


b 


or bx + ax==ba; 


and conſequently x=—== time required, 


244 


QUESTIONS FOR PRACTICE. 


1. What two numbers are thoſe whoſe difference 1 
is 7, and ſum 33. Anſ. 13 and 20. 

2. To divide the number 75 into two ſuch parts, 
that three times the greater may exceed ſeven times 
the leſs by 15. An. 54 and 21. 
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3. In a mixture of wine and cyder, + of the whole 
plus 25 gallons was wine, and 3 part minus 5 gallons 
was cyder: how many gallons were there of each ? 

An. 85 of wine, and 35 of cyder, 

4. A bill of 1201. was paid in guineas and moi- 
dores, and the number of pieces of both ſorts that 
were uſed was juſt 100; how many were there of 
each ? Anſe 50 of each. 


5. Two travellers ſet out at the ſame time from 
London and York, whoſe diſtance is 150 miles; one 
of them goes 8 miles a day, and the other 7; in what 
time will they meet? Anſ. in 10 days. 


6: At a certain election 375 perſons voted, and 
the candidate choſen had a majority of 91; how many 
voted for each? An/. 233 for one, and 142 for the other, 


» 7. What number is that from which, if 5 be ſub- 
tracted, 3 of the remainder will be 40 ? Anſ. 65. 


8. A poſt is 4 in the mud, + in the water, and 10 
feet above the water; what is its whole length? 
e A 24 feet, 
9. There is a fiſh whoſe tail weighs 95. his head 
weighs as much as his tail and half his body, and his 
body weighs as much as has head and his tail; what is 
the whole weight of the fiſh ? Anſ. 72th. 
10. After paying away 4 and + of my money, I had 
66 guineas left in my parſe; what was in it at firſt? 
An/. 120 guineas. 
11. 4's age is double of B's, and B's is triple of 
c's, and the ſum of all their ages is 140; what is the 
age of each? Anſ. a'5=84, B*5=42, and C'r=14. 
12. Two perſons, a and B, lay out equal ſums of 
money in trade; 4 gains 1261. and s loſes 871. and 
A's money is now double of B's; what did each lay 
out? | 1 Ai. 300, 


& Y 
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13. A perſon bought a chaiſe, horſe and harneſs, 
for Gol. the horſe came to twice the price of the har- 
neſs, and the chaiſe to twice the price of the horſe 
and harneſs; what did he give for each? 
Anſ. 131. 6s. 8 d. for the horſe, 61. 131. 4d. for 
the harneſi, and 401. for the chaije. 
14. Two perſons, 4a and B, have both the ſame in- 
come; A ſaves g of his yearly, but n, by ſpending 
gol. per annum more than 4, at the end of 4 years 
finds himſelf 1001. in debt; what is their income? 
* 4 Anſ/. 12 3 
15. A gentleman has two horſes and a ſaddle, 
worth 5ol. now if the ſaddle be put on the back of 
the firſt horſe, it will make his value double that of 
the ſecond; but if it be put on the back of the ſecond, 
it will make his value triple that of the firſt; What 
is the value of each horſe? | 
An. One 30l. and the other 40l. 
r6. To divide the number 36 into three ſuch parts 
that 3 of the firſt, 4 of the ſecond, and + of the third, 
may be all equal to each other? | 
. Anf. pgs val are 8, 12, and 16. 
17. A footman agreed to ſerve his maſter for 81. 
a year and a livery, but was turned away at the end 
of 7 months, and received only 21. 13s. 4d. and his 
livery ; what was its value? Anſ. 41. 1653. 
18. A gentleman was deſirous of giving 3d. a- piece 
to ſome poor , but found that he had not 
money enough in his pocket by 8d. he therefore gave 
them each 2d. and had then 3d. remaining; required 
the number of beggars? - 2 11. 
19. A hare is 50 leaps before a grey hound, and 


takes 4 leaps to the greyhound's three; but two of the 
greyhound's leaps are as much as three of the hare's; 
how many leaps mult the greyhound take to catch the 
tare ? . I Anf. 300. 
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20. A perſon in play loſt 3 of his money, and then 
won 3 ſhillings ; after which he loſt ; of what he then 
had, and then won 2 ſhillings; laſtly he loſt 3 of 
what he then had, and, this done, found he had but 
128. remaining; what had he at firſt. An. 205. 

21. To divide the number go into 4 ſuch parts, 
that if the firſt be increaſed by 2, the ſecond dimi- 
niſhed by 2, the third multiplied by 2, and the fourth 
divided by 2; the ſum, difference, product, and quo- 
tient ſhall be all equal to each other. | 

Anſ. The parts are 18, 22, 10, and 40, reſpecti veh. 
22. The hour and minute hand of a clock are ex- 
actly together at 12 o'clock, when are they next to- 
gether ? Anj. 1 he. 5.5, min, 

23. There is an iſland 73 miles in circumference, 
and three footmen all ſtart together to travel the ſame 
way about it: a goes 5 miles a day, B 8, and c 10; 
when will they all come together again? Auſ. 73 days. 

24. How much foreign brandy at 85. per gallon, 
and Pritiſh ſpirits at 35 per gallon, mult be mixed to- 
gether, ſo that in ſelling the componnd at gs. por 
gallon, the diſtiller may clear 30 per cent.? 

n Anf. 5 1 gallont of brandy, and 14 of ſpirits. 

25. A man and his wife uſually drark out a cak 
of beer in 12 days; but when the man was from home 
it laſted the woman zo days: how many days would 
"the mau alone be in drinking it? A. 20 vas. 
2856. If a and B together can perform a piece of 
Work in 8 days; a and c together in g days; and s 
and c in 10 days: how many days will it take each 
perſon to perform the ſame work alone ? 

Hnſ. A 143% days, B 1755, and c 2375 

27. If three agents, A, , and e, can produce the 
effects a, 6, c, in the times e, /, g, reſpectively; in 
what time would they jointly produce the effect 43 


Auſ. d. 8 5 +=) time. 
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4 fimple quadratic equation is that which involves 
the ſquare of the unknown quantity only. 

An adfeted quadratic equation is that which involves 
the ſquare of the unknown quantity, together with 
the product that ariſes from multiplying it by ſome 
known quantity. 

Thus ax , is a ſimple quadratic equation, 

Aud ax + bx==c, is an adfefted quadratic equation. 
The rule for a ſimple quadratic equation has been 
ven already. 
All adfected quadratic equations fall under the three 

following forms: 

I. K* T = 
2. 1 „ 
. x = aX=—b, a 

The rule for finding the value of x, in each of 
theſe equations, is as follows: 


RULE *, 


1. Tranſpoſe all the terms that involve the un- 
known quantity to one ſide of the equation, and the 
known terms to the other, and let them be ranged ac- 
cording to their dimenſions. 8 


5 
„— — — 
—— — — 


* The fquare root of any quantity may be either + or —, 
and therefore all quadratic equations admit of two ſolutions, 
Thus the ſquare root of T is +n or ; for & +8 or 
—#X—2 are each equal to +n*, | 


12 
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2. When the ſquare of the unknown quantity has 
any co- efficient prefixed to it, ler all the reſt of the 
terms be divided by that co- efficient. 

3. Add the ſquare of half the co-efficient of the 
ſecond term to both ſides of the equation, and chat 
ide which involves the unknown quantity will then be 
a complete ſquare. 

4. Extract the ſquare root from both ſides of the 
equation, and the value of the unknown quantity wilt 
be determined, as was required. 

Note, r. The ſquare root of one fide of the equa- 

tion is always equal to the unknown quantity, with 
half the co-efficient of the ſecond term ſubjoined 
do it. | . 
2. All equations, in which there are two terms in- 
volving the unknown quantity, and which have the 
index of the one juſt double that of the other, are 
ſolved like quadratics, by completing the ſquare. 


” Thus, x*+ax*==b, or # +ax*=b, are the ſame az 
88 cs, and the value of the unknown quantity may 


determined accordingly. 


So, in the firſt form, (x*+ax=b) where & ＋ 4 is found = 
Gra) the root may be either (Aa) or — (U 
at) ſince either of them being multiplied by itſelf will produce 

ere. And this ambiguity is expreſſed by writing the un- 
r ſign before (b+3a*); thus x== / (b+3*) 
— Za. 

— In this form, where z==/ (b+3a*)—3a, the firſt 
value of x, viz. x=+v/ (b+3@*)—34 is always affirmative; 
for ſince $a*+b is greater than 2, the greateſt ſquare muſt 
neceſſarily have the greateſt ſquare root; therefore / (b+7a*) 
ein always be greater than At, or its equal xa; and 
confequently + (An) will always be affirmative, 
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, 


EXAMPLES, 


1. Given x*+4x=140 to find x. | 
Firſt, x*+4x+4=140+4=144, by completing the 


ſquare; 

then VIX +4x +4) = 4/144 by extracting the root; 
or, which is the ſame thing, x+2=12, 

and therefore x =12—2=210, 


2. Given x*—6x+8=80, to find x. 
Fir, x**—6x=80—8=72 by tranſpoſition ; 
Then x*—6x +9 =72 +9=81 by completing the ſquare 5 
And x—3== 4/81 =9 by extracting the root; 
Therefore x=9 + 3=12. | 


— 


The ſecond value, viz. x=— (4221) — 4 will always 
be negative, becauſe it is compoſed of two negative terms. T here- 
fore hen * Car = b, we ſhall have z=+ y/ (b+354*) - 4a 
for the affirmative value of x; and x=— / [CESS xa for 
the negative value of x; | * 

In the ſecond form, where x== / (5+34*)+4a the firſt 
value, viz. x=+v/ b+5a*)+xa is always affirmative, ſince 
it is compoſed of two-affirmative terms. The ſecond value, viz. 
* 2 — 9 (b+ 5a*) ＋44 will always be negative; for fince 
b+7a* is greater than 3a*, the ſquare root of ru SA) 
will be greater than J a?, or it's equal 5a; and conſequently 
NOT) is always a negative quantity. | ; 

Therefore when x*— ax=5, we ſhall have x= + y/ þ+36*) 
Ia for the affirmative value of x, and x=— / (TA +50 
for the negative value of x; ſo that in both the firſt and ſecond 
forms, the unknown quantity has always two values, one of 
Which js poſitive, and the other negative, 
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3. Given 2x*+8x—202z70, to find x. 
Firft, 2x*+8x==70+202=90 by tranſpo/ition. 
Then x*+ 4x =45, by dividing by 2, 
And x* + 4X + 4=49 by completing the ſquare ; 
Whence x + 2= /49=7 by extrafing the root. 
And conſequently xk —2=5. | 
4. Given 3x*—3x+6=57, to find x. 
Here, -& + 2==14 by dividing by 3, 
And x*—x= 1Z—2 by tranſpoſition ; 
Alſo x - +4=14—2 +=}; by completing the /qu. 
And x—\ = {= 5 evolution; | 


Therefore æ ETI the anſwer. 


x* x 


5. Given 7 


2 - 
Here 42} —20t=22} by tranſpoſition, 


+ 201 =423, to find x. 


And B——=44} by dividing by & 5; 


IV hince x*—==+ $=244©+43=44+ by completing the 
Square, 
And x- 4/ 444 Y by evolution. 
T herefore x =/ the anſwer. 


mn — 


In the third form, where x== (n-) T4, both the 

values of x will be poſitive, ſuppoſing 34 is greater than 5. 

For the fit value, viz. K = ＋ (495 —b)+50 is evidently 
affirmative, being compoſed of two affirmative terms. 

The 2d value, viz. x=— / (42*—b) +328 is alſo affirmative; 
for fince Ja* is greater than Ja*—b, therefore / Aar or Za is 
greater than / (2 -), and conſequently — (42-50 ＋ 44 
will always be an affirmative quantity. Therefore, when 
x*—ax==—b, we ſhalt have x=+v/ (4a*—8d)+3a and alfo 
= --). 3a for the gfficmative values of x, 
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6. Given ax* + bx=c, to find x. 


Firſt, r by di uiſion; 


Then a* += 8 . = - by completing the ſquares 


a 4a 
— = Vat ) by evelationy 
Therefore x vt? —= 


* 


7. Given a - Acad, to find ». 
Here, ax*—=bx=d—c by fran ſpoſition, 
And . 

Alſo'x* — += += by completing the Anares 
And dd w E=+£9 by RE TN 


Therefore FIR V+ =): 


8. FIT © outs 2, to Neat 


Here, 54. 2ax* + a*==b + a* by completing the ſquare, 
And x*+ a= NG) by evolution; 
Whence x*=4/(b+a*)—a. 
a conſequently x== N V ee. 


— — * 


nnn. 


But in this third form, if ö be greater than 347 the ſolution 

ef the propoſed queſtion will be impoſſible, For ſince the ſquare 
of any pony whether that quantity be affirmative or-nega» 
tive) i 1s alw ative, the ſquare root of a negative quan» 
tity is im ble, and cannot be affigned. But if & be greater 


than Sas, then 4a*—þ is a negatiye quantity; and therefore 
v/ (536*—d) is impoſlible, or only imaginary; conſequently ig 
that caſe x=7a (3025) is alſo impoſſible or imaginary, 
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9. Given ax"—bx*—c=—4, to find x. 
Fir ſt, ax" —bx* =cd by tranſpoſition, 
And ES 1 2. di viſfon, 


3 262 b* 
0 —x Te” po 2 by completing the ſqu: 


A = . p 


) by evolution; 


b 2 b* 
Therefore * . . 


And conſequently x=(Z IR 2 


EXAMPLES FOR PRACTICE. 
1. Given x*—8x+10=19 to find x. Anuſ. x=9. 
2. Given x*—x—49=170 to find x. Av. x=15. 
3. Given 3x*+2x—9g=76 to find x. Anſ. x. 


4. Given ;x*—3x+75=20 to find x. 
| Anſ. x=5.-4039- 


5, Given #*+x=ato find x.) Anf. a . 


6. Given x*+ ax—b=c to find. x. 
An}. Xx — Ve + 6+ N 
7. Given x*—ax=—b to find x. 
| Anſ. KVA » wed. 9g 
8. Given jx*—+ if to find x. Anſ.1.7939» 
9. Given 2x*—x*+ 104=600 to find x. Auſ. x. 
10. Given 4x—j 4/x=223 to ſind the value of x. 
Auſ. * 49. 


" Given 372 — 5 20 to find x. | 
Oo Are 1 sT. 
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QUESTIONS PRODUCING QUADRATIC EQUATIONS. 


1. To find two numbers whoſe difference is 8, ang 
product 240. 
Let x= to the leaſt number, 
then will x +8= to the greater, 
and x X (x +8) =x*+ 8x=240 4 the queſtion ; 


IWhence x + 8x +16==240+16==256 by completing the 
Jquare, 
alſo x +4= V256=16 by evolution ; 


And therefore x=16—4=12= leſſer nue, and 12 
+8=20= greater. 


2. To divide the number 60 into two ſuch — 
that their product may be 864. 


Let æ greater part, 
and x N (60—x)=60x—x*= 864 by the queſtion, 
that is x*—box= — 864 ; 
3 a --pe 900864 L 900 36 by completing 
uare ; 
3 x—30= 4/36=6 by extracting the root; | 
and therefore x=6 + 30=36= greater part, 
aud bo—x=60—3J6= 24 leer. 


3. Given the ſum of two numbers =10 (a), and 
the ſum of their ſquares 58 (5) ; to find thoſe 
numbers, 
Let x gre eater fr — 6200 numbers, 


then will a—x= be 


Hnd x* + (a-) z + a* > « by the queſtion, 
or 1+ Darn] by diviſion, 
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6b * _b— 


a* 3 
- 13 by tranſpoſition. 


4 — bal, © 
WF a —— 2 


2 4 
pleting the ſquare. 


by com- 


Alſo X—== rm by extracting the root; 


2b a 


And therefore x === +== greater number, 


nd —( 14 _ 5 FN Mer. 


Honce wee two theorems, being put into numbers, ah 
7 and 3, for the numbers required. 


4. Sold a piece of cloth for 241. and gained as 
much per cent. as the cloth coſt me; what was the 
price of the cloth ? 


Let x = pounds the clath coſt 
Then 24——x== whole gain, 
But 100 : x :: x4 24— by the . 
Or x*=100X (24—x) 22400—100x, 
That is x*+ 100x= 2400, 
I hence * + 100x + 2500==2400+ 2500=4900 by 
completiug the ſquare, 
Aud x + 50= 4/49900=70 by extraction of roots, 
Conſequently x=70— 50=20= price of the cloth. 


5. A perſon bought a number of oxen for 801, 
and if he had bought four more for the ſame money, 
be would have paid 11. leſs for each; how many did 
. he buy? „ 


Let the * = oxen be repreſented by x, 
Then will © — — be the price of and, \ 
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And — bu = price of each if x + 4. had coſt 90. 


* 


80 
But — — . 1 by the queſtion, 


Or We. I - PR 


Or Sox g. 320=b0x+3* + 4x 
That is * + 4*==320, 
Whence x*+ 4x +4=3 20+4=324 by completing the 
Square, 
And x + 2=4/324=18 by evolution, 
Conſequently x=18 —2=16= number of oxen required. 


6. What two numbers are thoſe whoſe ſum, pro- 
duct, and difference of their ſquares, are all equal to 
each other? 


Let x greater number, 
And y= leser. 
Then 7 1 by the queſtion, 
And 1 = — S, or * +1 from the 2d egua- 
tion, 1 5 
A % Ot) 204 1) Xy from the firft equations 
Or 7 ＋ 1 +)», 
That is y* l, 
Whence y*-—y CA _ by combleting the ſquare, 


Alſo — 5 9 92 v3 by evolution, 


Ton/equently i 22 and Re 12 


L543 + 3 And if theſe expreſſions be turned ant numbers, 


abe ſhall have x==2.6180+ 
and y=1.6180+ 
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7. There are four numbers in arithmetical pro. 

— of which the product of the two extremes 

$ 45, and that of the means 77; what are the 
numbers? 


Let x= lefſer extreme, 

and y= common difference, 

Then x, x+y, x +2y, x +33, will be the four numbers, 

and | xX (x + 335) =x* + 3329 =45 15 the 
(x+3) X (x+ 29) =x*+ 3ay+29* 77 | queſiion, 


Whence 2y*=77—45=32, and y=E=16 by ſub- 
traction and divifion, © 2 
5 Or z= VIA evolution, 
Therefore x* + 3xy=x*+ 12x=45 by the 1} equation, 

Alſo x*+12x+36=45+36=81 by completing the 
ware, | 

+ d x +6= 4/81 =9 by the extraction of roots, 
Conſequently x=9—6=3, and the numbers are 3, 7, 

11, and 15. | 


8. To find. three numbers in geometrical progreſ- 
fion, whoſe ſum ſhall be 14, and the ſum of their 
ſquares 84. | v 

Let x, y, and x, be the numbers ſought, 
Then xz=»y* by the nature of proportion, 
x+y+2=1 3 
and . by the queſtion, 
 - But x+#=14=—y by the 2d equation, 
and x*+ 2xz+z*=196—28y +y* by fſquaring beth 
es, HA 
Or x*+2* + 2y*=196—28y +z* by putting 2y* for its 
zqual xx, 
That is x**+x*+y*=196—28y by ſubtraction, 
or 196— 285284 5 eguality, 


Hence v, by tranſpoſition and divifen. 


% 


1 
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| 6 
Again, x2=y*=16, or * by the 11 equation, 


And x+y+a=+4+£2=14 by the 2d equation, 


Or 16+4z+2'=14z, or & —- IO =—16, 

Whence z*—10z-+25=25—1029 by completing the 

Square, 

And 2z—5zx4/9g=3, or 2z=3+5;=8, 
Conſequently x=14—3—2=14—4—8=2, and the 

numbers are 2, 4, 8. 

9. The ſum (s) and the product (p) of any two 
numbers being given; to find the ſum of the ſquares, 
cubes, biquadrates, &c. of thoſe numbers, 

Let the two numbers be denoted by x and y. 


& ＋ = 
T hen will =p | by the queſtion, , 


But (x+y)*=a*+ 2xy + „* by involution, 
and x* + 2xy+y* 2x35 =s"— 2p by ſubtraFion. 
that is x* +y*=5*—2þ= ſum of the ſquares. 
Again, (x* + }N?) Xx(x +3) =(-*—2p) xs by multiplication, 
or K + xy Xx (x +3) +4*=HF—35p, 

or a* + ip +3* = —25p by n p fer 175 equal 

xy x (x+3) 3 

and therefore x* + y* =1*— 35p= ſum of the cubes. 
In like manner, (x* + J ”) X he 3) C-) x5 by n- 

tiplication, 

or x*-þay GN) == 9. 

or x*+p Xx (f—2p) H = 1 n * 

(- 2%) for its equal xy X (x*+5") 
And conſequently, xt*+ ft — pg X (5*—2p) = 

—4*p + 2p*= Jum of the biquadrates, or * Fourth 

powers ; 
And the ſum of the nth. powers 2 N -. 24x, 

1—3 *— 1—4 2 —5 „— 

5 PAST 9+ — 
1 —6 —7 18 


2 
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10. The ſum (a) and the ſum of the ſquares (3) 
of four numbers, in geometrical progreſſion, being, 
given; to find thoſe numbers, 


Let x and y denote the tavo means, - 


x* * | 
then will I and - be the two extremes by the nature 


of prefortion. | | | 
Alo, let the ſum of the two means =s, and their pro- 
duft =þ. 
Then will the ſum of the two extremes =a—s by 
the quel ion, and their product p, by the nature of 
Proportion. f 


x* þ+y*=5* —=2þ | | 
Hence 6 y+ by the laft problem, 


7 ra (la—s)*—2þ 


* „ 
And Ef += += +(a—1)*—4þ=6 by the 


queſtion. 
ts SIS | 
Again, "ge i frm by the queſtion, 


or & ＋. N (a- =þ x (a—5). 
But x +13*=5*— 3% by the laſt problem; 
and therefore p & (as) =5*— 3% by equality, 
0 jane +306 + 2/550, 


s * N | . 
or _—_ - by diviſion ; 5 a 
hence * + (a—s)*—4þ=5* + (a—5)*— —— , by 
ſubſtitution, * 
or = = by reduction. 


$46. mb * b 
And 1 v(- 5 129 by comp. the ſquare, 
and extracting the root. 2 
Aud from this value of 1, all the reft of the quantities 
p, x, and y, may be readily determined. 
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QUESTIONS FOR PRACTICE, 


1. What two numbers are thoſe whoſe ſum is 20, 
and their product 36 ? Anſe. 2 and 18. 
2. To divide the number 60 into two ſuch parts, 
that their product may be to the ſum of their ſquares 
in the ralio of 2t0 5. Anſ. 20 and 40. 
3- The . of two numbers is 3, and the 
difference of their cubes is 117 : what are thoſe num» 
bers ? 7 Anſ. 2 * 
4. A company at a tavern had 81. 15s to pay for 
their reckonir g; but, before the bill was ſettled, two 
of them ſneaked off, and then thoſe who remained 
had 108. a- piece more to pay than before: how many 
were there in company ? _ 
6. A grazier bought as many ſheep as'coft him 6ol. 
and, after reſerving 15 out of the number, he fold 
the remainder for 541. and gained 2s. a-head by 
them; how many ſheep did he buy? An/. 75. 
There are two numbers whoſe difference is 15, 
and half their product is equal to the cube of the leſſer 
number; what are thoſe numbers ? Auſ. 3 and 18. 
8. A perſon bought cloth for 331. 15s. which he 
fold again at al. 8s, per piece, and gained by the 
bargain as much as one piece coſt him; required the 
number of pieces ? py: Anſ. 15. 
9. What number is that, which, when divided by 
the 28 of its two digits, the quotient is 3; and if 
18 be added to it, the digits will be inverted ? Au. 24. 
10. What two numbers are thoſe whoſe ſum mul-- 
tiplied by the greater is equal to 77; and whoſe dif- 
ference muldplied by the leſſer is equal to 127 
: * An. 4 and 7 » 
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11. To find a number ſuch that if you ſubtraR it 
from 10, and multiply the remainder by the number 
itſelf, the product ſhall be 21. | Auſ. ) or z. 

a 12. When will the hour, minute, and ſacond-hauds 
of a clock be all together next after 12 O clock? 
| Anſ, Only at 12 clock, 
13- The ſum of two numbers 1s 8, and the ſum of 
> their cubes is 152; what are the numbers? 
Anſ. 3 and 5. 
14. The ſum of two numbers is 7, and the ſum of 
their 4th powers is 641 ; what are the numbers? 
| Auf. 2 and 5. 
15. The ſum of two numbers is 6, and the ſum of 
their 5th powers is 1056; what are the numbers? 
Anſe. 2 and 4. 
16. The ſum of four numbers in arithmetical pro- 
greſſion is 56, and the ſum of their ſquares is 864; 
what are the numbers? An). 8, 12, 16, and 20. 
17. To find four numbers in geometrical progreſſion 
whoſe ſum is 15, and the ſum of their ſquares 8; ? 
"os a - Anf I, 2, 4, and 8. 
18. There are two numbers whoſe difference is 15, 
and half their product is equal to the cube of the leſſer 
number; what are thoſe numbers? Anuſ. 3 and 18. 
5 19. It is required to divide the number 24 into two 
ſuch parts, that their product may be equal to 35 
times their difference. 2 Auſ. 10 and 14. 
20. It is required to find four numbers in arith- 
metical progreſſion, ſuch that their common difference 
may be 4, and their continued product 176985. 
Anſ. 15, 19, 25 and 27. 

1. Two partners, a and x, gained 140l. by trade; 

A's money was three months in trade, and his gain 
was 601. leſs than his ſtock; and n's money, which 
was gol. more than 4a's, was in trade five months: 
what was a's ſtock? _ Auſ. 100. 


£ 


is gl 


OF THE NATURE AND FORMATION OF 


EQUATIONS IN GENERAL, 


All equations of ſuperior orders are generated by 
the multiplication of thoſe of inferior orders, in- 
volving the ſame unknown quantity. 

Thus, a quadratic equation is formed by the mul- 
tiplication of. two fimple equations. 

A cubic equation is produced by the continued mul- 
tiplication of three ſimple equations; or from one 
quadratic and one ſimple equation. 

A biquadratic equation is generated by the continued 
multiplication of four: ſimple equations; or of two 
quadratic equations; or of one cabic and one ſimple 
equation, &c. | 

For, ſuppoſe the unknown quantity to be x; and its 
values in any ſimple equation ro be a, &, c, d, &c. 

Then thoſe fimple equations, by bringing all the 
terms to one fide, will become x—a=o, x—b=o, 
c gg, X—d4=0, &C. 

And the product of any two of theſe, as (æ -a) x... 
(x —b) So, will form a quadratic equation, or one of 
two dimenhons, 

The product of any three of them, as (x—a)x{(x*- 
—b) XK (x—c) =0, will form a cubic equation, or one of 
three dimenſions 

The product of any four of them; as (x—a) x {x—- 
b) Xx (x—c) Xx (x—4) g, will form a biquadratic equa-- 
tion, or one of four dimenſions, &c. = 

From hence it appears that every equation has as 
many roots as it has ſimple equations which produce 


K. 3 
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it, or as there are units in the higheſt dimenſion of the 
unknown quantity. 

For if any of the values of x (a, 6, c, or d,) be ſub- 
flituted in the place of x in this biquadratic equation 

(x—a) x (x—) * (K- Xx (-), all the terms of 
that equation will vaniſh, and the whole will be 
equal to nothing. 

But as there are no other quantities, beſides theſe 
four, which, ſubſtituted in the place of x, will make the 
product vaniſh, it is plain that the equation cannot 
poſſibly have more than four roots, or admit of more 
than four ſolutions, - | 

And, after the ſame manner, it may be ſhewn that 
no equation whatever can have more roots than it con- 
tains dimenſions of the unknown quantity. 

Jo make this ſtill plainer by an example in num- 
bers; ſuppoſe the equation to be reſolved be x*— io 
+35x*—50x+24=0, and that you diſcover this 
equation to be the ſame with the product of (x—1) x 
(x—2) x A = N (x—4-) | 

Then you will certainly infer that the four values 

of x are 1, 2, 3, and 4; for any of theſe numbers be- 
ing put for x will make that product, and conſequently 
x*—10x*-+ 35x*—50x +24, equal to nothing, accord- 
ing to the propoſed equation. 
And it is certain that there can be no other values 
of x beſides theſe four; ſince, if any other number 
he ſubſtituted for x in thoſe factors, none of them 
will vaniſh, and therc ſore their product cannot be 
equal to nothing according to the equation. 

The roots of equations are, alſo, either peſtive or 
negative, according as the roots of the fimple equa- 
tions from whence they are produced are poſitive or 
negative, | | 

Thus, if you ſuppoſe x=—a, Kb, x=—c, and 
* d, then will «kT X -g, x +c=0, and x—4 
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o, and the equation (x+a) x (Xx -)] x (x+c) x 
(x—4)=0 will have its roots —a, +6, —c, +4. 

The /igns and co-efficients *of equations will be beſt 
underſtood by confidering the following table; where 
the ſimple equations x—a, x—6, &c. being multiplied 
continually together, produce, fucceſſively, the higher 
equations. 


Rx — 420 
K -E 


a -A 


pe OW | =0, a quadratic, 


7-4 


2 


Xr -c o 


x* —a + ab | | 
—3 K Lac x—abc=o, a cubic, 
_ +bc ; 


* x „ 1— x $abcd=s, a biqua- 


—4 +be C dratits 
+6d | © 
+ cd * 
&c, 9 


From the inſpection of theſe equations it is plain 
that the co- efficient of the firſt term is unity. 

The co-efficient of the ſecond term is the ſum of all. 
the roots (a, 6, c, d.) with contrary /igns. 

The co. efficient of the third term is equal to the 
ſum of the rectanglis of thoſe roots, or of all the products 
that can poſſibly ariſe by combining them two and two, 


I. NATURE OF EQUATIONS. 
The co efficient of the fourth term is equal 70 the 
fum of all the products that can poſſibly ariſe by com- 
bin'ng them, three and three; and: ſo on for any other 
co-eficient whatever. 

The laft term ig always equal to the product of all 
the roots wwith contrary ſigus; and this reaſoning will 

+ hold, whether the roots be poſitive or negative. 
It likewiſe appears, from inſpection, that the ſigns 
of all the terms of any equation in the table are alter- 
nately + and —. ö 

Thus the firſt term is always ſome pure power of x, 
and 1s poſitive. * | 

The ſecond term is ſome power of x, multiplicd by 
the quantities —a, —6, —c, &c. and, ſince theſe 

uantities are all negative, it follows that the term 
itſelf muſt be negative alſo. 

The third term has the product of any two of theſe 
quantities (—a, —b, —c,) for its co, efficient, and is 
therefore poſitive; ſince — X —, as well as + X +, 
gives, -+, or an affirmative quantity. i 

For the ſame reaſon the next co- efficient, which is 
formed of the products of any three of theſe negative 
quantities, muſt be negative; and the next following, 

being made up of the products of any four of. the ſaid 
negative quantities, mult be poſitive ; and ſo on, 

And, from this reaſoning, it plainly appears that 
ewhen all the roots are poſitive, the figns are plus and 
minus alternately. 

But if the roots be all negative, as x=—a, x=—6, 

k c, = -d, then (& Ta) x (K) x (x +c) x 
 (x+4) Zo, will expreſs the equation to be produced; 
and all the terms will plainly be poſitive. | 

So that, when all the roots of an equation are nega- 
tive, it is plain that there can be. no changes in the ſigns 
of. the terms of that equation, _ 

And, in general, there will be as many poſitive 
roots. in any equation, as there are Changes in the 


| ſ 
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ſigns of the terms of that equation, from + to —, or 

from — to +; and all the reſt of the roots will be ne- 
ative. 

0 From this rule it-follows that, in quadratic equa- 

tions, the two roots may be either both poſitive or both 


negative, or one negative and one affirmative. 


of 
2 


AC 


: 


And, in the equation 2 


6.2 


Thus, in the equation, * r +ab=0, or (ra) 


* (X-) there are two changes of the ſigns, and 
therefore the roots are both poſitive. N 


In the equation * Tie +ab,=0, or (æ ＋ a) x (x +6) 


there is no change of the ſigns, and conſequently they 
are both negative. | 
Lz = ab=0, or (-a) x 
(x+6) one of the roots will be affirmative and one 
negative; for, fince. the firſt term 1s poſitive and the 
laſt negative, there can be but one change in the ſigns, 
whether the ſecond term be + or —. 

In cubic equations, the roots may be all poſitive, or 
all negative; or two of them may be negative and one 
poſitive, or one negative and two poſitive. 

Thus, in the equation (x—a) x (x—6) x {x—c) =o, 
the ſigns will be alternatelv + and —; and, as the 
number of changes is three, the roots muft be all 
politive, 

In the equation (x-+ a) x (+6) x (x+c) =o, where 
there are no changes of the 1gns, the roots muſt be 
negative. | 

In the equation x*—(a4-b+c)x*+ (ab—ac—bc)x 
+ abe=0, or (x—a) X (x—6) x (x+c) the number of 
changes will be two, and conſequently two of the roots 
will be affirmative and one negative. 

For if a+6 be greater than c, the ſecond term muſt 


be negative, its co-efficient being —a, —5, +c3 
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and if a+6 be leſs than c, the third term muſt be ne- 
gative, its co-efficient + ab—ac—bc being in that caſe 
_— : 

n the equation a*+ (a+b—e)x*+ (ab—ac—dc) x 
—atc=o, there can be only one change of the ſigns, 
and therefore one of the roots is poſitive, and the other 
two negative. | 

For if a+6 be lefs than c, then the fecond term is 
negative, and the third muſt be negative alſo; and if 
a +6 be greater than c the ſecond term will be poſitive, 
and there can be but one change in the other two 
terms, whatever may be their ſigns. 

And, in the ſame manner, this reaſoning: may be 
extended to equations of higher dimenſions, and there- 
fore the rule will be found to be true in all kinds of 


equations whatever. 


PROBLEM I. 
To increaſe or diminiſh the roots of an equation by any: 


given quantity * . 


RULE, 


1. Take fome new letter, and connect it with the 
given quantity by the ſigns — or +, according as it 
8 required to be increaſed or diminiſhed. | 

2. Subſtitute the powers of this quantity in the 
equation, inſtead of the powers of the unknown letter, 
ard there will ariſe a new equation, whoſe roots will 
be augmented or diminiſhed as required. 


— 


_ *®-When a cubic equation has two equal roots, it may always 
be reduced. to a lower dimenſion, and the ſolution, by mat 
means, made more caty. 
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EXAMPLES. 


1. Let the quadratic equation x*+8x+15=0, be 
given; it is required to increaſe its roots by 7. 


Suppyſe x=y—7, 4. 

Then **=y*—14y +49 
S* = + 8y—56 
152 +15 


y*— 6y+ S g= to the equation required *, 


2. Letra —px* + qr —rt=o, be the equation given; ; 
it is required to diminiſh the roots by the quantity e. 


Suppoſe x=y +8; 

2 5 7 4, 
—fx* = — Sy*—— 2pey —pe* l =0, the new equation 
+qgx = + gy +ge required f. 
— = — 4 ” 


3. Let 43 * be ien, and let its 
roots be increaſed by 4. E 


- 


For in the former equation #*+8x+15=0, the roots are 
—3 and — 5, and in the equation y*—by+8=0, the roots are 
2 and 43 therefore the difference is 7, as was required, 

+ The laſt term of this trans formel equation is the ſame wy 
the equation given, having e in the place of y. 

And from this it appears that, if the laſt term of any des- 
tion is to be deſtroyed, the difficulty will be no leſs than that of 
ſolving the original equation itſelf, 
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Suppoſe x=y—4 3 
Then x*=y* — 12y*-+ 483 —64 
+ a= + y*— 85716 


—1ox = — [Oy +40 
+8 = + 8 
Sum =y*—1 195+ zoy go, 


or y*—11y 30g, the equation required “. 
Tn which equation y is found =6; and conſequently 
.. N 


PROBLEM II. 
To tale away the ſecond term From any equation. 


RULE. 


1. Divide the co-efficient of the ſecond term by 
the index of the higheſt power of the unknown 
quantity. 

2 Annex the quotient, with its ſign changed, to 
ſome new letter, and this, being ſubſtituted for its 
equal in the given equation, will deſtroy the ſecond 


term, as required. 


— 


—— 


In this example the given equation is reduced to a qua- 
dratic ; and in the preſent caſe, as well as in all others, where 


the laſt term vaniſhes, the number aſſumed (—4) is one of the 


roots of the propoſed equation, 

The affirmative roots of an equation are changed into nega- 
tive ones of the ſame value, and the negative roots into affirma- 
tive ones, by only changing the ſigns of the terms alternately, 
beginning with the ſecond, 
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| kannse | | 
1. Let the quadratic equation «-S 15=0 be 
given; it is required to take away its ſecond term. 
Suppoſe x=y +4(3+?)3 


hen a*=y*+8y +16 
— 8 = —895—32 


1 


Ii og equation required % 


2. Let the equation xI==9x*+ 26x—34=0- be 
given; it is required to exterminate its ſecond 


Suppoſe XZy + 2 (3+3) 3 © 

Then a +97 +275 +27 
— *r gf —54;—81 
+ 26x = +26y+78 
—34 = 2 


* ro equation required. 


= 


_ 


—_ 
„% — 


— 


— 


Thus the roots of the equation #+— x3— 19x? + 49x— zo 
dre +1, +2, +3, — 5; but, by changing only the iecond and 

fourth terms, the equation becomes x++x3— 19x%*— 49x—430 
=o, and the rocts are —1, — 2, — 3, +4: 0 

All the roots of an equation may al be made affirmative 
ot negative, by increaſing or diminiſhing each of them by ſome” 
known quantity. | 

From this example it appears that any quadratic equation 
may be reſolved without completing the ſquare, by only taking 
away the ſecond term; for ſince y*=1, or y V= t, we ſhall ; 
hive x=53+4=1+4=s5, the root required. And the ſame 
may be ſhewn of any other adfected quadratic equation whatever, 
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3. Let x*+8x*— 5x*+ 10x—4==0 be given, to ex. 
terminate the ſecond term“. Eh | 


Suppoſe x=y—2( y—3,) 5 
Then a 8 ＋ 245 325 +16 
+ 8x*= +85*—48z* + g63z—64. 


— F — 5% ＋ 205-20 
+1lox = +10y—20 
— 4 = —4 


a J*— 293" + 94.5 --= eguation required, 
4. Let x*—px*+ga*—rx+5=0 be given, to ex- 
terminate the ſecond term. | 


Suppoſe xy + ; 


2,2 3 
Then =1 +1) + YL 4 22. 4 2 


16 256 
16 64 
2. 
42242 
2 16 
rp 
— . = — —— 
* + 
+ 5 = ＋ 7 
ET IPO eee 


* Since the ſum of all the roots, in any equation, are equal 
to the co-efficient of the ſecond term, it follows that, when the 
ſecond term is wanting, the equation has both affirmative and 
negative roots, and that the ſum of the affirmative roots is equal 
to the ſum of the negative ones. 

Thus in the cubic equation * —7Xx= 6, the three roots ate 
＋3, —2, and —1, where it is evident that 3==z+1, ˖ 
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PROBLEM III. 


To find whether fome or all the roots of n 
br rational; and, if fo, aubat they are. 


RULE “. 


I. Find all the diviſors of the laſt term, and ſub- 
ſtitute them one by one for the unknown quantity. 

2. Then, if the poſitive or negative terms deſtroy 
each other, the diviſor, ſo ſubſtituted, will be one of 
the roots of the equation. 

3. But, if none of the diviſors ſucceed; the roots 
are, for the general part, either n or im- 
poſſible. 

Note, When the diviſors of the laſt term are too 
numerous, they may be diminiſned by changing 
the equation into another, whole roots are aug- 

mented or decreaſed by an unit, or ſome other known 
quantity. 1 


1 ” 
BXAMPLES, 1 


1. Let Fu — n be the equation pro- 
poſed. 4 —7 eq p 

Then the diwiſors of (to), the laſt term, will be +1, 
—1I, +2, —2, On —5, +10, —10, 


— ů — — AM. EC... * — 


* Since the laſt term, in any equation, is always equal to a 
multiple of all the roots in that equation, thoſe roots muft, 
therefore, neceſſarily be found in the number of its diviſors. 

But this, it is evident, can hold only when the roots are com- 

- Menſurate, or whole numbers. 


L 2 


- 


ee andte 1.5 ee 


nn RESOLUTION OF EQUATIONS. 


And theſe being aa ſucceſſively _ of x, 
aol] give 


—1— 4+ 7+10= 12 
8— 16——-14+10=—12 
| —8— 16+14+10= O 
| 125 —100—35 +10 o 
Therefore +1, —2 and .+5 are the three rot: of ths 
* required, 


= Let y*—4z — 9 4 32 0 be the equation pro» 
poſed. 

1. Change it into another, Ge nene di- 
3 Hall be leſs; thus : | 


722528 y==x+1; | 
Then rn 6 4 41 
— —4 —I2x* —12—4 


＋ 32 TEES 3 +32 


* _ 


453: = iE +2 122058 new equation *, 
2, The diviſors of the laft term (21) of this new 


equation are 
I, —I, +3, —3. 7, +21, —21. 
A 7 theſe te ſubſtituted 22 inflead of x, at 
have 
1— yr 4 gen 4 
wh 1— 6+16+2!= 
ö Rated 5-4 yh, 6 
— 81—54 4148 ＋T 21296 


Sc. where none of the others ſucceed. 
So. that 1 and 3 are the only rational roots, the other 
"two Ane alis“, be. 


— 


1 


8 


— 


Note. The Arie of this new x equation may be Amiaibed 
in the ſame manner as before. 


a ie Ox Sl atm 4. 7 4. hou . 


3 
' 
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3. Let x*+ 3ax*—44*x—124*=0, be the equation 
propoſed. | | | 
Here the numeral diviſors of the laſ term (i za) are 
1, — 1, +2, —2, +3, —3, 14, + +6, —6z 
* +12, — 12. ; 
And by fabftituting theſe ſucceſtvely infrad of u, wut 
ſhall have | 
1+ 3— 4—I2=—12 
—1+ 3+ 4—12=— 6 
8+12— $8—12= © 
—8+12+ 8—12= © 
27 427 —12—12= 30 
—2T +27 +12—12= OO 
Therefore the three roots are 2a, 24 and=34# 


PROBLEM IV. 


To diſcover the roots of equations by Sis Isaac 
NewTON's methed of diviſors. 


RVLE, 


1. Inſtead of the unknown quantity, ſubſtitute ſac- 
ceſſively three, or more, terms of the arithmetical pro- 
greſſion 2, 1, o, — 1, — 2. | 

2. Collect all the terms of the equation into one 
ſum, and place them, together with their diviſors, in a 
perpendicular line, right againit the correſponding 
terms of the progreſſion 2, 1, o, —1, —2. | 

3, Seek amongſt the diviſors for an arithmetical 
progreſſion, whole terms correſpond with the order of 
the terms 2, 1, o, —1, —2, and whoſe common dif- 
ſerence is either an unit, or ſome divifor of the co- 

L 3 
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efficient of the higheſt power of the unknown quamity 
in the given equation. | 
4. Divide chat term of the progreſſion, thus found, 
which ſtands againſt the term © in the firſt progreſſion, 
by the ratio or common difference. 
5. To the quotient, laſt found, prefix the ſigu + 


or —, according as the ee is increaſing or 


decreaſing, and this number being ſubſtituted for the 
unknown quantity, will give one of the roots of the 
equation. 4 


* | EXAMPLES. 
1. Let tes Gro be the equation pro- 
poſed. : 
Then, by ſubſtituting ſucceffuely the terms of the 
progreſſion 2, 1, 0, —1, inflead of x, the work will 


fand as fellows : 
If prog. reſults, diviſors. 24 prog. 
4 | 


— 10 1. 2.5 . 10 5 

1 Ps 1; 12.4 | 4 

o + 1. 3.3. 6 3 
ot | +34 1.2.7.4 2 


n 23" =. be the equation 


Den, by /ubſlituting ſucceſſively the terms of the pro- 


greſſian 2, . —1, —2, inſtead of #, the work wil 
fand as fe 12 — | | 
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77 Prog. reſults, , diwviſors. 2d prog. 
| 2 — 6 


151156 I | 
£8. 9 11.3.9 A 3 
o —lo 1.2.5 10 5 
r 21.3222 4 7 b E 
—2 —54 1. 2.3.0 7 


Here 5, the term flanding againſt o, being divided by 2. 
the common di Herence, gives. ar; and this being ſubſti- 
tuted or x, gives 31z—313+10—102=a; and — 
fare 23 is a root of the equation, 


3. Let x*+a%—29x*—9x+180=0, be the equa» 
tion propoſed *. 

T, 9 by Subſtituting as 3 work will Jerk 
as follows 


15 pros. reſults; diviſors. progreſſions. 
2 70 1. 2.5. 7. 10. 148.1121517 
| 1441. 2.3. 4. 6. 88.2346 
2 . 1.2.3. 4. 5. 68.4315 
—1 169 [1 2.4.5. 8.10.45 [2]4/ = 
_— 90 Fr. 20.3.5. 6. 9815611 2 


$5 that hire are four. progreſſions, and the numbers 3, 
—3, and —5, being each ſubſtituted for x, make t 
awhole equation. van, and are therefore the roots re- 


quired, 


4. Given x*— 3x*—46x—72=0, to find the values 
of æ, by the method. of diviſors. Auſ. 9. — 2 and—4. 


5. Given xt%—4x%—19x*+ 46x +1200, to find 
the values of x, by the method of diviſors 


— — * — 


2 — „ „ — 


Several * rules for diſcovering ths roots of OY 
may be found in Newton's and Maclaurin F Algebra, 


* 


ſ 


$16 RESOLUTION OF -EQUATIONS. 


PROBLEM V. 


To find the roots of cubic equations, according ts the 
enethod of CA KDAN. 


RULE V. 


1. Take away the fecond term of the equation, 
by oy zd, and it will be reduced to this form 
. 
2. Subſtitute the values of @ and 6, with their pro- 
per ſigns, in the following Es and it will give 
the root required. Thus: 


. 8 
r VIC · N VEEF+2e) 
root required. 


1 ** 
»„— a. tl... _ Y 


— 
* 


The . from _ whence, this method is derived, is x=" 


1 Ito GE+ 2,0) += GFT ga; and the in- 
veſtigation of it is as follows: 
Let the equation, whoſe root is required, be a3 1 
And aſſume r &, and 3y 2 6. 
12 — =5y 


Then, by ſubſtituting theſe — in the gi — eq 
mall have, 55 ＋ 3% +2925 +23 +ax T) N +23 + 33xX 
2 2 22 4 e eee, GD 
And If, from the —— of thi his Taft Lene. there be taken 


r the cube of the mn I= — 4, we ſhall have 
* 323 ＋25 — he, or yů K 3). 7 
a T 5 ; By the ſum of this equation and y3+z3= hy 3=b+ 
a 


2,43); and their difference is 283=b—v( 4); 
Tk y is found =3/24+-/( 36+ v/ (36% Fi), and * — 
34 38=v OY | 
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Nete . When 4 is negative and ga is greater 
than 46*, the ſolution, by thi rae, cannot be — 
rally obtained, 


EXAMPLES, 


1. het 134 lz, be the e uation eres 
it is Keg? to find the hee of y. 1 : 


1. In order to defiroy the ſecond term, lat == 1 


23 08 


* 


And from hence it ence it appears, nn or its equal x, is = 
29 r 2 e, which is 


| | a 
Or fince & is ===, it will be y+=y——=x= 
A „ 
177 1324.1 —_ — =, the 
1/0 EVI EEE 3/3h+v (32492) * * 
the rule. 
This method of folving cubic equations is ufually aſcribed to. 
Cardan; but the invention is not his, — The authors of it were 
Scipio Febrens and Nicholas Tartalea, who diſcovered it about the 


ſame time, independently of each other, as is proved by M. de 
Montucla in his Hiffoire des Mathematiques. * 


* This is called the irreducible caſe; and, notwithſtanding 
ſeveral of the moſt eminent mathematicians in Europe have at- 
tempted the ſolution of it, no general rule has yet been diſ- 
covered. ; 

The uſual 1 is by a table of ſines, or by throwiog the 
expreſſion into an infinite ſeries, and finding the ſum of 2 cermin 
dumbes of terms, according to the degree of exactneſs required, 


a 
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2. For a put 6, and for b 20, and wwe 13 


* = eee 


eee eee 74770880 
eis - Tore r "/20.3923= 


| | 910 ＋ 10.3923 
ae 2 2 . 
999 = 733 e 73— 732=2; that. 


3s x=2, and conſequently Il root required. 

2. Given x3—6x==—9, to find the value of x, 
Here a6, 4 b==93 and at ads we Hall 
Bade | 

34 5 


a= Vit Nr 7 16+ 2 * 


— — 


e 2 e 
—2 


e 7 I 


— —= 3; that . = root requirtd, 


EXAM?LES FOR PRACTICE, 


1. Given x*—6x*+ r10x=8 to find æ. An}. x=4, 
2. Given y*+ 30y=117; to determine y. Au. y=3. 
3. Given y*——36z=91, to determine . A y=7: 
4. Given y*—3y=18, to determine y. A. y=3- 
s. Given „* 2439==250, required y. 45. G. oß. 


| = FG | * A 
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PROBLEM VI. 


7; the roots of biquadratic ions, eccordin 
55 * * 


RULE *. 


1. Take away the ſecond term of the equation 
by problem 2, and it will be reduced to the form 
2 1 Fo 

2. From the cubic equation * 4 — 4 0— 
o take the ſecond term, and find the value of y 
by the laſt problem. | 


5. Ler- be aſſumed gay, fe ff lea and. 
HL 2 

4. Find the roots of the two quadratic equations 
x*+1x +f=0, and K -e Zo, and they will be 
the four roots of the biquadratic required. 


* — 8 99 * 88 —_— „— 


— _— "_ —_ 


® Invefligation of the rule. Let the given equation x4++gx# 
rs Se, be equal to the product of the two quadratic 
equations x2 Te Fg, and x>— eg O- Fg) 
( Te F 

Then, by equating the homologous, terms, we mall have 
Fre-, A=, and === and therefore = N 
-A. EH er- 
3 | 

And from th laſt equation we ſhall have 6+ 29e#+(9— 43), 
x to a'qubic equation, in which the value of e may by 
found, as in the laſt problem, 


Py aha ff Gates of from Lei, A 
23 4 * 1 — 4 we, n. nn a | 

= 9+ = 4 +3;29=7+ + ISIS 

ais , v. of gion fn = IE SEX EAN 
Hed 9. . 1 


Ler- ++ =S $65 X Morn 
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, | | EXAMPLES. | 
1. Let * —42 —8$:+32=0, be the equation 
. in which it is required to find the valte 
z. 


I. To take away the ſecond term, let x+1=z q then 
F=x*F 4x + 6x*+ 4x+ 1 
— 2 2 —-＋ 12K —12K— 4 
8 = — 8&x— 8 


1 +32 


= i454 a*—6x%—16x +21 = o, r, 
12 —4/—256rr= o, for the cubic egua- 
| ö tions 
2. To take aruay the ſecond term from this equation, 
let ++ A; then 7 | 
J'=fp* + 12þ" + 48þ + 64 
—I2f= —I2fp*—g0p—192 


—41y =, , —48p—192 
Dei 256 
n 


2 * — * * — — — — — 
g — 


ö | * 0 * * 
But /(=29+$2—77) and g (=35+38+=) are alſo 
known; and therefore the roots of the quadratic equations 
er. Fe, and x*—ex+g*=0, may be determined, and are 
the four roots of the biquadratic equation required. Q. E. 1, 
Note, The ce-cfficient of xs put equal to e, in both the 
equations, becauſe, when the Terond term is wanting, the ſum 
of the poſitive roots is always equal to the ſum of the negative 
ones, with a contrary ſign. 
This rule has ſometimes been aſcribed to Des Cartes, and 
metimes to Bombelli, an Italian; but the original inventor of 


it | Loui Ferr, j. . 0 
get . = fer e,. 2H. f | 


4 | 2 ; 
++ 2 2. 5 e e a 
oft ti cancel of can Hm exon ze, fn. . 
22 8 FS, 42 25-0 e 
- os +2q- „ — | 

: 


* 


. . 
— 
* . "= 
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3. To find the value of p, by Carpan's rule for 


cubic equations. 
* 


e ee In 
"VEE Pr = 
12=þ; and therefore y=16, er Ib, SSD | 
4 and =D 5 Whence e==4, 


f=7 and g=3. 


— $ — A. WY 


* 


In the method of Des Cartes, above explained, all biquadratic 
equations are ſuppoſed to be generated from the multiplicaticn of 
two quadratic ones: but, according to the following way, which is 
taken from Simpſon's — every ſuch equation is conceived 
to ariſe by taking the difference of two complete ſquares, 

Here, the general equation x4+ax3+bx* c de being 
propoſed, we are to aſſume (* fa n -n e = 
ax3 +bx%*+cx d; in which a, n, and c, repreſent unknown 
quantities to be determined. | 

Then, & ane, and z e being actually involved, 


will give x#+ax3 +2 4x2 +... _ 
T Hoax T Man a= af govern 2 
— $2 — 2Bcx— C* * 


Tera from whence, by equating the homologous terms, we 
ſhall have | 


I. 24 T4 83 =b, or 2A+4a*—b—=n2; | 
2. A4 —2BC t, Or 2A —c —=28Bc; + 
3. 42 — cz ad, or 42 — 4 =ec2, 


Let now the firſt and laſt of theſe equations be multiplied 
together, and the product will, evidently, be equal to 2 of the 
ſquare of the ſecond; that is 243+(34*—3) x a3— 244 


(44*—b)x4(=$*2)=23 X (af A*—a2aca +6). 


G leg te B. done a 
4. 2 2ac "", i C2nk(aAL2a hq cs 5 
He 24 N — 5 A a N dere. p 
, 2 Ge denebo fer? (he eu ERA A £944 | 
= A, £5 + £5,002 E | 


of An "= Sela > 


: 
F 
? 
i 
8 
| 
j 
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4+ To find the rote of the two quadratic equation; 
& Te + / h, and a -e g e. 
x*+ex+ f=a*+4x+7=0 
x*—ex+g=ax*— 4x +3=0 
In the firſt of theſe x=—2+ /—3, or —2—vV—=;. 
And in the ſecond x 3, and 1. 
Therefore 3, 1, — 21 3, and —2— - are the 
four roots of the equation x*—6x*—16x+21=o. 
And if unity be added to each of them we ſhall have 
4, 2, —1 + /—3, and —1I—y —3 for the roots of 
8 — 42 —82+32=0, the equation propoſed; the two 
' laſt of which are impoſſible. : 


2. Given x*+ 2x%*—7x*—-8x+12=0, to find the 
values of *. An. & 21, 25 23 and 2. 


— — 


Whence, by denoting the given quantities Jac—d, and 

46 + 4X (1at—b) by & and , reſpeRively, there will ariſe this 

| cubic equation, A3—J3ba%*+ia—}/=o; by means of which 
- the value of A may be determined ; and therefore, from the-pre- 


ceding equations, both » and c will alſo be known; u being 
aA—Cc 


found from thence =/ (2.4 +1az—), and e _ 


The ſeveral values of A, n, and c, being thus found, that of x 
will alſo be readily obtained: for (xt + lax+ A)*—(Bx+c)* 
being univerſally, in all circumſtances of x, equal to x++ ex3 + 
be*4-cx+4, it is evident, that, when the value of x is taken 
ſuch that the latter of the ſe expreflions becomes equal to nothing, 
the tormer muſt likewiſe be equal to nothing; and conſequently 
(Ax TAD ( c). | 

And therefore, by extracting the ſquare root of both fides of 

N the equation, we all have *+Jax+a==nxtc; or x= 


* | 
Le- An- 

a TA c- 2), which exhibits all the different roots of 
the given equation, according to the variation of the figns, 


2A? 6. — 20. La. . — =. +l —£ 4 
244424. 25-4 — 2 2 e 
2 * 3 2 | 
Ee nd RE nds OaL A RAS 
<" "ap "I OCT ' T 2 
ere 


8 
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3. Given a*—25x*+60x— 36=0, to find the va- 
lues of x. A 1, 2, 3 and —6. 


4. Given j*—8;? + 143* + 43z—8=0, to find the 
values of y. 


Arſe 3=3+ v5, 3= v5, 1+4/3, and 1/3. 

5. Given a*+12x—17=0, to find the values of x. 

Anſ. = N i = and alſo he N 
692-9). s 


6. Given a%——4x%—3x*—4x +10, to find the 


2 2 + 
values of x. 4 1223 22 N 


7. Given x*—10x% + x*—50x +240, to find 
the values of x. 25 Auſ. 1, 2, 3 and 4. 


This method will be found to have many advantages over 
that given above. In the firft place, there is no neceffity for 
being at the trouble of exterminating the ſecond term of the 
equation, in order to prepare it for a ſolution: ſecondly, the 


equation A3—T1ha*+ka—2/=o, here brought out, is of a 


more ' ſimple form than that derived from the former method: 
and thirdly, the value of 4 in this equation will always be 
commenſurate and rational; not only when all the roots of the 


given equation are commenſurate, but alſo whea they are irrational, ] al 
and even impoſſible. oe 
ExAmyLlz. Let there be given x++12x—17=0, to find the 


values of x. | 
Here, by comparing this with the general equation x++ax? 
TI Nerd e, we ſhall have age, ge, c=12, and d 
—17; and therefore g dar- d= 17, IATA - | 
=36, and A —- 18A +ta—1/=4a3+17a—18=o. - N 
* And, from this equation, A will be found equal to 2; and 


aA —12%4/2 


; 2B — 1/25 
= —3y/2, and x=>=2L V/2=(473/2=1)*==EL/25 


(V- = + & 37 Sri P4287 


2 2 
r e 228 
(FF 2 — 4 Gy Hers Ar 2 * A EF A, G 
I IP — — hk +2 , 
FF 2 T 2 2G eeigg | 
22-5 265 = $2+ £24607, 
„„ 4 


therefore (24 li-) fg , ©= 


4 


» 
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8. Given a*—6x%—58x*—114x—11=0, to find 
the valucs ** . pet 


Au. A4 N N) 
* 9. Given at —3x* — to find the values 


. 1 
* Af 2 EE wy == — 3. 


PROBLEM VII. 


To find the roots of equations in general, hs the method: 
27 Pt roximat.ou and converging /erits. 


RULE * 


1. Find, by trial, 2 number . * to the root 
required. 


— 


* 


In ſome particular caſes of this rule, the roots may be found 
by means of quadratics only. 

Several other methods of folving biquadratic equations have 
been invented by different authors; but one of the moſt inge - 
nious is that given by M. Euler, in page 664 of his Elmens 
D' Algebre, 

Equations of five or more dimenſions may be reduced to 
thoſe of an inferior degree; but the proceſs will be exceedingly 
tedious, as no general rule can be given for reſolving them. 


* The rules hitherto given, for finding the roots of equations, 
are either very troubleſome and laborious, or elſe confined to 
particular caſes; but this method, by converging ſeries, is uni. 
verſa}, extending to all kinds of equations whatever; and, 
though not accurately true, gives the value ſought to any affigned 


degree of exact ne ſs. 
The method of obtaining the roots of equations, by 2pproxi- 


io n, was fixt made uſe of by Yiea. 

. e 89. „, af. 2 year iefcy d, 
5 7252 (48,64809 B, aa __ Bhat 
4 2 216492, pe — 255 Sue 
3 eee 00, od #2 6g + Soc, 65 2.99- 


- 


2 
U — 
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2. Call the number, thus found, , and let z be 
put equal to the difference between r and the true 
root Xx. | 

3. Inſtead of x, in the given equation, ſubſtitute 
its equal x, and there will ariſe a new equation, 
affected only with z and known quantities. 

4. Reject all thoſe quantities in which there are two 
or more dimenſions of x, and the value of x will be 
found by means of a ſimple equation. 

5. Add the value of x, thus found, to the value of 
r, and it will give the root required nearly. 

6. If chis root is not ſufficiently near the truth, re- 
peat the operation, by ſubſtituting it inſtead of r, in 
the equation exhibiting the value of x, and it will give 
a ſecond correction for the root required. 


EXAMPLES.» 


1. Given x*—5x—31=0, to find the value of x 
by approximation. 
The root, found by trial, is nearly equal to 8; 
Let, therefore, 8 r, and r &; then 
r +2rz+2* 
—_—X_=——ZL 
—31 — —31 


| P* + 2r2—r—52— 310; 
er 424 t. and & 
21—5 16—5 11 
8.6 nearly. _ | 
And, again, if 8.6 be ſubſlituted in the place of r 
in the laſt equation, we ſhall have , | 
„ S. 0032 


2r—5 


17.2—5 F 12.2 
and 3 nearly. 


9 * | 
12 2 K D cafe erb 
Nl *=2 4424 (4*20r x21) - 
ESAM CTT N =- 


iH Seen eue, eee, ge 
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Aud, if this value be again ſubſtituted for r, it will 
give £=..5p00077808, and x=8.603277808 ; and /o 
on to any degree of exactneſs required. 


2. Given a Ta Tx, to find the value of x 
by approximation. 
The root, found by trial, is nearly equal to 4; 
Let, therefore, 4 r, and r rx, then, 
x*=ri+ 312+ 3r2* + 2? 
x*=1r*+ 2r $+2* 
x =r --& 


5432424 2rz+r +z=90; 
«+ 1 90 —64—16—4. 6 * 
„ zr © 48+8+1 _ 57 
and x=4.1 nearly 
And agin, if 4.1 le ſubſtituted in the place of r, 
in the laſt equation, we ſhall have 
YgOmrin—ri—r 90—68.921—16.81—4.1 
r Tai  — 50.43+8.2+1 
and x=4.1-+.00283=4.10283 nearly; and Jo on 10 
any degree of exadtneſs required. 
{ +3. Given x*+20x=100, to find the value of x 
by approximation. Anſ. x. 42135. 
4. Given x*+10x*+5x=2600, to find the value 
of x by approximation. Aus. 11.0067. 
5. Given x*+2x*—23x—7020, to find the value 
» of x. 2 Auſ. x5. 134. 
6. Given. a%—15x*+63x—50=2, to find the 
value of x. OO 24  AnſixtX1.028039. 
7. Given x*—3x*—75x=10000, to find the value 
of x. | As. x=10.2615. 
8. Given & + 2K ＋ 3x*+4x* + 5x=54 321, to fiad - 
che value of x, 4A | e Anſ. 8.4144 
. I, 14. eee, eee. 
OC 44,006; 1 Aeqree,0C — And”. 2? deg of afpofurre 


==.00283, 


> 
7 


F 5,49. Lnge S a, Agel. 
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RULE II. 


. Aſſume the general equation a EEX +23 + 

, Ke. Dp; where is the converging quantity, 
pn a, b, c, a, &c. co-efficients whoſe values are 
known. 


2. Then will — 7 be an approximation of the 
firſt degree. FRIES, 


3. And, if , be put ===> we ſhall have 


 (a+9) xp _ 

a* + (b+ as) xp for an approximation of the r 
degree. 

4. And, in like manner, | if wo be put == + 
ad-—bc guiot op 
= chen will ax(a*+ F+aw) Np) . 
Ea an W of the third degree, &c. 


EXAMPLES. 


'4: Given x*+ 20x=100, to find the value of x. 


ze root. found by trial, is nearly equal to 43 
Let therefore 4 +%=x, and, by ſubſtitution, the equa- 
tion will become 282+ 2*= 


LiF bones, 88 &=28, b==1, c=0, Cc. and 


=Z=14213 for the 
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BEI 
And, ſince =: We ſhall have 
(a+#)xp____ (2843) x4 _ 2847 
a* + (b+as) xþ 28 K 281 (ITI) X4 28* x7 +2 


N. 14213564 for the ſecond approximation. 


And, in like manner, ſince 2 == ==, it 
5 b*——ac 1. 
bo 5b ap x (a+ wp . 
ER "ax(a*+(b+aw) xp) +(w—s) xp* 
_28X4x(28+7) __28X(28+7) 28Xx198 _ 
28 x (784+12)+F 7X796+7 49X796+1© 
5544 
2 2. 1421386236; or x=4.14213c6236 fer the 
ln 441355236 f 


root required, extremely near. 


2. Given x*+4x—10=100, to find the value 
of x. Anſ. 8.677078. 


3. Given x*—17x*+54x=350, to find the value 
_ of x. | Anſe. 14-95 407. 
4. Given x*—2x—;=0, to find the value of æ. 

| Anſe. 2.0945 51. 


5. Given 2y%—169% + 403%—309=—1;/ to find the 


value of y. Au. y=1.284724. 
6. Given & + 2x*-+ 3x* +4x*+ 5x==54321, to find 
the value of x. Auſ. x=8.414455. 


»ü 77 In — WY — . nu 


TIS —— 


In the ſime manner the roots of other equations may be ap- 
proximated; but, to avoid trouble in preparing the equation for a 
Jolution, all ſuch powers of the converging quantity z, as would 
riſe higher than the degree, or order of the approximation you 
intend to work by, may. be every where neglected, 
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PROBLEM VIII. 
To extract the root of any pure power in numbers. 


RULE *. 


1. Let m= the number whoſe root is required; . 


r= neareſt root which can be found by trial; and 
a= to the index. 


2. Then, by putting == we mal have 


3 
* (6v+ 145 2 
n root, nearly ; or x=r+ 


; - rX(2v+n) TM 
v (25 2n—1) +7 * (n—1) X ij rene near, 


& r + 


EXAMPLES. 


1. Given -x* K* =; or, which is the ſame thing, let 


the ſquare root of 2 be found. 


Suppoſe the root, Found by trial, to be 1.4; then WE 
ſhall have m=2, r=1 4, 12, and = = 


=98. 


r 


— 


* One of th: moſt convenient rules for practice, which has 
yet been di covered, is the following: (I (- I): 
(n+1)m+(n—1)r3 ::7 : the true root nearly. 

Where it may be obſcrved that = given number; — 
neareſt root, found by trial; and n= index, as before. 


. 


. 
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| (e n+1)_ 

*** 192 
98 X 594 3147757 198 — 4715860 
56 = root required nearly. 

And if the ſecond approximation be uſed, the root awill 
be found =1.41421355236, which is true to the laſi 
place of decima!s. 


2. Given x*=500; or let it be required to extra& 
the cube root of 500. 
Suppoſe the root, found by trial, to be 8; then we 


ſhall have m=500, r=8, n==3, and v=23=52= 


—128;, JEM 
=, 7X (6v+ #+1)__ 
And, therefore, 2 —= (60 +3)—2 8—.063 


=7.93 for the 1/4 approximation. ö 

* er). * 
92 N 2u— I) K XK (n—1) X (22— 1) 
8—=2=—=7.937005259936 for the 2d approxima- 
tion, which is true to the laſt place of decimals. | 


21.414213 


3. Let it be required to ſind the cube root of 2. 
Anuſ. 1.259921, 


4. Required the cube root of 117? A. 4.89097. 
5. What is the ſurſolid, or 5th root, of 125000? | 
ö | Anſ. 10.456389., 


6. It is required to find the 7th root of 100000. 
Anſ. 5. 1794746792 


7. It is required to find the 365th. root of 1.05. 
* Arſe. 1. oo0 13366. 
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PROBLEM IX. 
To find the root of an exponential equation, 


RULE “. 


1. Find, by trial, two numbers, as near the true 
root as poſſible, and ſubſtitute them in the given 
equation inſtead of the unknown quantity, marking 
the errors which ariſe from each of them. 

2. Multiply the difference of the two numbers, 
found by trial, by the leaſt error, and divide the pro- 
duct by the difference of the errors, when they are 
alike, and by their ſum when they are unlike. 

3- Add the quotient, laſt found, to the number be- 
longing to the leaſt error, when that number 1s too 
little, and ſubtract it when too great, and the reſult 
will give the true root early. 

4. Take this root and the neareſt of the former, 
and, by proceeding in like manner, a root will be had 


ſtill nearer than before; and ſo on to any degree of 
exactneſs required. 


EXAMPLES, 


1. Given & oo, to find the value of x by ap- 
proximation. 
By the nature of logarithms x x log. x== leg. 100=2, 
And, ſince x is found, by trial, to be greater than 3 
and leſs than 4; | 
Let, therefore, 3.5 and 3.6 be the two ſuppoſed 
values of x. — | 


kf et eee ee et er 
— — 


11. — 


* The rule for ſolving exponential equations was invented by 
M. Jean Bernoulli, and publiſhed in the Leipfc Acts, 1697. 


| 
1 
j 

| 
. 
[ 

| 

l 
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Then the log. x leg. 3.5 . 5440680; ana x % 
log. 9 9042380 


r 


—— — 


— iff l. too little 
And the log. x==log.3.6==.5563025,; and 


x X lag. x 2. 026890, 
3 
| ,0026890=2d error, too great. 
1% number 3.5 1/t error—.095762 
2d number 3.0 2d error + .oo2689 
o. 1 l. _ 09845 1=/am, 
c. 1 * oo 
S. OO 27 3 correction, 
098451 


2d number 3.60000 
correction —. 00273 


3-59727=x=root nearly. 
Again, Juppeſe x=3-597 3 then we ſhall have 


log. = 555944, 
x X log. x. 9997 176, which Jubirated from 2 


gives 0002824 the zd error, too little. 


2d number 3.600 2d error + .00263;0 
34 number 3.597 3d error —. 0002824 
.003=diff. 00297 14 n 
2 D995. 000283 the correction. 
0029714 
34 number 3.597000 
correction +0.000285 


1 597285 g root required nea ly. 
2. Given a = 123450789 to determine the value 


of x. Auf. 526. * 


oF | 
INDETERMINATE oz UNLIMITED 
P ROB LEH MS. 


A problem is ſaid to be indeterminate or unlimited, 
when the equations, expreſſing the conditions of a 
ueſtion, are leſs in number than the unknown quan- 
tities to be determined. | 
And though ſuch kind of problems are capable of 
innumerable anſwers, the reſults, in whole num- 
bers, are generally limited to ſome determinate num- 


ber, and may be obtained as follows. 
PROBLEM I. 
To find the value of x and y, in the equation a 


by+c; where a, b, and c, are given numbers, which 
admit of no common diviſor. 


| RULE =. 
1. Let wh. ſtand for a whole number, and reduce 
the equation to RW, 4 ah. 


— * 
2. Make LACIE to 2bf by throwing all whole 


numbers out of it, till 4 and F be each leſs than @. 


— — ä 


* This rule is founded cn the following obvious principles: 

That the ſam, aifference, or product, of any two whole num- 
bers, is a whole number. 

And that if a number meaſures the whole of any number, 
and a part of it, it will alſo meaſure the remaining part, 


N = 
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3. Subtract —— 2 — —,, or ſome multiple of it, from 
= At 3 30 — , or — other multiple of , that comes 


4ͤ2 4 
near the former, and the remainder wall be a whole 
number. 

4. Take this remainder, or any multiple of it, 
from ſome of the foregoing fractions, or from any 
whole number, which is nearly equal to it, and 
the remainder, in this caſe, will alſo be a whole 
number. | 

5. Proceed in the ſame manner with this laſt re. 
mainder; and fo on till the co-efficient of y becomes 


equal to 1; or e p. 


6. Then will y=ap—g; where may be any 
whole number whatever; and as the value of y is now 
known, that of x may alſo be found from the given 
equation. 


EXAMPLES, 


1. Given 19x==14y—11, to find x and q in whole 
numbers. 


Firſt, x= * Sub. ; and 951 =avh. 


Then, by ſubtraction, . 
r 
Again, —.— CT CR +2= wh. 
and, 3 the 2, —— 1 — = 
19 19 19 


And y=19þ—6; where, p be talen =1, for the 
leaft affirmative value of y, we ſhall have y=13, 
aud *=9, , the anſwer. 
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2. Given 3x=$8y=16, to find the values of x and 
y in whole numbers. 


2 y=—1 


Here, ===; u. or 


And, = a ul. But 7 is alſo Sub. 
Therefore Pm == wh. . 
Whence y==3þ +2. ; and 5 taking þ=o, we ſhall have 


y=2 and x =o, the anſwer. 


3. Given gx+13y=2000; to find all the poſſible 
values of x — y in whole numbers. * 


Firſt, eee. 
Or, by rejefing 222 —y, —== wh. number, 


Aud, — abb. But, 71 is alſo = whs 
Therefore, 2 HOYLE wh, p. 


9 9 9 
Whence y=0þ —4 3 nd, by taking p I, wwe ſoall have 
Jy=5 and x=:15. 

And, by adding 9, continually to the laſt value of y, 
and ſubtracting 13 from that of x, all the poſſible an- 
fwers will land as follows : 

215189. 163-137-111. 85.59. 33 

. 98.72.46. 20 7 

* 2341.59.77. 95 113.131 
nee 


4. Given 24x=13y+16, to find x and y in whole 
* Ine. x=5,, and 8. 
N 2 


numbers. 
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5. Given 14x=5y#7, to find » and y in whole 


numbers. A. x=3, and J=7. 
6. Given 27x=1690— 16y, 10 find x- and in 
whole numbers. Aus. y=19, and x48, 


. Given 87x+256y=15410, to find the leaft 
Wy + of x, and the” greateſt of y, in whole poſitive 


numbers. Anſi x zo, and y= . 5% 


8. Given gx+7y+112z=224, to find all the poſ- 
fible values of x, y, and x, in whole numbers. 

* « Anſ. The number of anſwers is 6. 
9. How many different ways is it poſſible to pay 
1001]. in guineas and piſtoles only; a guinea being 

equal to 218. and a piſtole to 178. 
Arſe. 6 difftrent ways. 
10. To determine whether it be poſſible to pay 
1001, in guineas and moidores only. ; 8 
Auſ. The queflion is impoſſible. 
11. Forty-one perſons, men, women and children, 
ſpent among them 405. of which each man paid 4s. 
each woman 38. and each child 4d, how many were 
there of each? Anſ.'; men, 3 women, and 33 children. 
12. 1 owe my friend a ſhilling, and have nothing 
about me but guineas,” and he has nothing but louis 
d'ors; the queition is, how muſt I acquit myſelf of the 
debt? the louis d'ors being valued at 175. nf. I mu 
pay him 13 guineas and he mii give me 1& louis ders. 
13. To find in what year of Chriſt the cycle of the 
ſun was 8, the cycle of the moon 10, and the cycle of 
indiction 10. Aue In the year 1567. 
14. It is required to diſcharge a debt of 3511. with 
guineas and moidores only, ſo that there may be the 
leaſt number of pieces of each ſort; and to find what 
the whole will amount to, when paid every way it 
will poſflibly admit of. Af. The number of ways is 36, 
| and the wible amount 12636 h 


* 
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15. A vintner has wine at 28. 15. 10d. and 18. 6d. 
ßer gallen: how much of each fort muſt he take, fo 
as to make a mixture of zo gallons, to be fold at 
18. Sd. per gallon? An/. 16, 2, 12; 17, 4, 93 18, 6, 05 

| | | or 19, 8, 3» of each ſort. 

16. To determine how many ways it is poſſible to 
pay 1000l. in crowns, guineas, and moidores only. 

| | Au. 70734 different ways. 


PROBLEM H. 


To find ſuch a whole number 17 as being divided by 
the given numbers a, h, c, c. Hall leave the given re- 
nainders f, g, b, Oe 


RULE. 


1. gubtract each of the remainders from x, an 
divide the difference by a, and there will reſult 


2 water 1 - ot &c. = whole numbers. 


a a 
2. Call the value of x, in the firſt fraction, , and 
Pay ok this quantity in the place of x in the fecond _ 
fraction. 8 | 
3. Find the leaſt value of , in thffecond fraction 
by the laſt problem, and call it v. . Oe” "he. 
4. Let the value of x be found in terme r, and 
ſubſtitute this quantity in the place of & in the third 
fraction, © A. 
5. Find the leaſt value of » in the third fraction, 
and call its; and the value of x in terms of 5, being 
ſubſtituted for x in the fourth fraction, and ſo on, wil 


give-the whole number required. 
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EXAMPLES. 


1. To find the leaſt whole number, which, being 
divided by 17, ſhall leave a remainder of 7 ; but, 
being divided by 26, the remainder ſhall be 13. 

Let x= number required. 


torn i and _—_ 2— whole numbers. 


Then 


And, by putting _— we ſhall have x=17þ +75 
Which value of x, being ſubſtituted in the 2d fraction, 
8 r 
gives 1 =wh. But 65 is alſs =wwh. 


26 
| 20% '17þ—6_99+6_ 
Aud, therefore, JE > Wm 26 auß. 


99+6 __27þ+18 74 18. 
e _— nh 
And, by rejecting 55 wwe have 2 5 — r. 

Hence pg 18, and by taking rl, aue ſhall 
have p=8. | 

And, conſequently x=17 X8+7=143, the number 
' equired. ; | 

2. To find a number which being divided by 11, 
1 , and 29, the remainders ſhall be 3, 5, and 10. 
Let x = number required. | 


this <2 2 — whole numbers. 


by 20 


8 
11 


Aid, by putting b, we fhall have x=1 If+33 | 
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Which value of , being ſabſituted in the 2d frattiong. 


I ZE L Det e 
5 ub. cr 7 * 12 19 =þ+ 


2 wh. And, by rijeting 5, we foall bave 


19 19 


1=wb.. or by rejecting the 1, a _ L=avk. Aber 


19 19 


But 4 is, likewiſe, =wh and, therefore, x 2 


. Mu = wh. number, which let be put Dr. 
— 19 | vr 
ben, p=19f—5Fend x=(197—5)X11+3=209- 


7— 2. 


Y neglecting yr 2 gives — 4 . number. 


But, —.—— 6 = wh. or 
29 29 = 
by rejeting v, wh. which let be put e. 
Then, rig 20; and, by putting o, wve ga 
zo. | 
And, conſequently, x==209 N 20—52=4128= 
Therefore, 4128= number required. 


3, Lo find'the M whole number, which, being 
divided by 19, ſhall e a remainder of 7; but, be- 


wg divided by 28, the remainder ſhall be 13. . 
fe 349. 
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4. To find a number which, being divided by 3, 
5, 7, and 2, will leave the remainders 2, 4, 6, and o, 
reſpectively. Ans. 1 4. 

5. To find the leaſt whole number, which, being 
divided by 16, 17, 18, 19, and 20, ſhall leave 6, 7, 
8, 9, and 10 remainders. Anf. 232550. 

8. To find the leaſt whole number, which, being 
divided by the nine digits reſpectively, ſhall leave no 
remainders. Aus. 25 20. 

7. To find the leaſt whole number, which, being 
divided by 2, 3. 5, 7, and 11, ſhall leave 1, 2, 3, 4, 
and 5, for remainders. Ans. 1523. 


DIOPHANTINE PROBLEMS. 


* Diophantine problems are thoſe which relate to the 
finding of ſquare and cube numbers, &c. and are 
ſuch as are generally capable of a great variety of 
anſwers, They are ſo called from their inventor Do- 
Fhantus of Alexandria in Egypt. who flouriſhed in or 
about the third century, and 1s the firſt writer on 
Algebra we meet with amongſt the ancients. 

"Theſe queſtions are ſo exceedingly curious and ab- 
ſtruſe, that nothing leſs than the moſt refined. Algebra, 


— 


* That Diophantus was not the inventor of algebra, as has 
been generally imagined; is extremely abvious; for this method. 
of applying it is ſuch, as could only have been uſed in a very ad- 
vanced ſtate of the ſcience. | 

He no where ſpeaks of tho fundamental. rules and principles, 
as an inventor certainly would have done, but reats of it as an 
art already ſufficienily known; and ſeems to intend, not fo much 
to teach it, as to cn ivate and improve it, by folving ſuch quef- 
tions as, befoce his time, had been thought too difficult to be 
lurmounted, | 


£5 
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applied with the utmoſt ſkill and judgment, can ſur- 
mount the difficulties which attend them. And, in 
this way, no man has ever extended the limits of the 
analytic art further than D/:phantus, or diſcovered: 
gromeer: penetration and judgment in the application 
or it. : 

When we conſider his work with attention, we are 
at a loſs which to admire moſt, his wonderful ſagacity 
and peculiar artifice, in forming ſuch poſitions as the 
nature of the problems required, or the more than 
ordinary ſubtilty of his reaſoning upon th-m. 

Every icular queſtion puts us upon a new way 
of chiaking, and furniſhes « fret 3 of analytical 
treaſure, which cannot but be very inſtructive to the 
mind, in conducting it through almoſt all difficulties 
of this kind, wherever they occur, 

The following method of reſolving theſe queſtions 
will be found of conſiderable ſervice; but no general 
rule can be given, that will ſuit all caſes; and there- 
fore the ſolution mult often be left to the ſagacity and. 
{kill of the learner. 


—— 


—— a 4&4 ax 


It is probable, therefore, that Algebra was known in the 
world long before the time of DidÞbantus ; but that the works 
of preceding writers have been deſtroyed by the ravages of time, 
or the depredations of ignorant barbarians. | 

His Arithmetics, out of which theſe problems were moſtly © 
collected, conſiſted originally of thirteen books; but the firſt ſix 
only are now extant. The beſt edition is ſaid to be that publiſhed” 
at Paris, by Monſieur Bacher; in tae year 1621. And in this 
work, the ſubje& is ſo {kilfully handled, that the moderns, not- 
withſtanding their other improvements, have been able to do- 
little more than explain and illuſtrate his method. | 

Thoſe who have ſucceeded beſt, in this reſpect, are Fieta, 
Brauncher, Kerſey, De Billy, Oæanam, Preſtet, Saunderſon, Fermat, 
and Euler. The laſt of whom, in particular, has amplified and 
illuſtrated the Diophantine Algebra in 2s clear and ſatis factory 
- & manner as the ſubject ſeems to admit. | 


ad 
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N RULE, 

1. For the root of the ſquare or cube required, put 
one or more letters ſuch, that when they are involved, 
either the given number, or the higheſt RR of the 
unknown quantity, may vaniſh from the equation; 
and then, if the unknown quantity be but of one 
dimenſion, the problem will be ſolved by reducing the 
equation. | 

2. But if the unknown quantity be ſtill a ſquare, 
or a higher power, ſome, other new letters muſt be 
aſſumed to denote the root; with which proceed as 
before; and fo on till the unknown quantity be but 
of one dimenſion; and from this all the reſt will be 
determined, 


EXAMPLES. 


1. * To divide a given ſquare number (100) into 
two ſuch parts, that each of them may be a ſquare 
number. WK as | 

Let * () be one of the parts, and then 100—x* 
will be the other part, which is alſo to be a ſquare 

7 


r 


— — 
0 


* If x—10 had been made the fide of the ſecond ſquare, in 
this queſtion, inſtead of 2x — 10, the equation would have been 
x#*—20x+100=150—x7; in which caſe, x, the fide of the 
firſt ſquare, would have heen found —= to, and x—10, or the fide 
of the ſecond ſquare o; and for this reaſon the ſubſtitution, 
* — 10, was avoiced; but 3x—10, 4xX—10, or any other quan - 
tity of the ſame kind, would have ſucceeded equally as well as 
the former; though, in ſame caſes, the reſults would have ber: 
leſs ſimple, / > 


- 
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Aſſume the fide of this ſecond ſquare =2x—10. 
| Then auill 100==ax*=(2x—10)*=4x*—40x-+ 100; 
And, by reduction. x=8, and 2x—=10=6. 
Therefore 64 and 36 are the parts required, 


THE SAME GENERALLY, 


Let al given ſquare number, à ( ) one of 
its parts, and a - = the other, aubich ir alſo to be a 
ſquare number. | To 

Aſſume the fide of this ſecond ſquare =rx—a, ' 
then will a*—x*=(rx—a)*=r"*x*—2arx *; 


2ar* 


Td” 2ar 
And, by reduction, S and N = >< Wi 


Therefore ( IPA and G5 * are the farts re- 


guired; where. a and r may be any numbers, taken at 
pleaſure. | | 


2. To divide a given number (13) confiſting of 
two known ſquare numbers (9 and 4) into two other 
ſquare numbers. 7 


— 


f —— 


— 


If 5 and y be any two unequal numbers, of which x is the 
greater; then will 275, N -t and 2 ++, be the perpendicular, 
baſe, and hypothenuſe of a right-angled triangle. | 

And from this canon two ſquare numbers may be found, 
whoſe ſum or difference ſhall be ſquare numbers; for (an + 
* - = nA, and ( ＋πAR— (zu ( AA, ior 
2+ rt — (-A (zh; and this When ande are any 
numbers whatever. | . e A. 

This queſtion is conſidered by Dhnbantus as 2 very im- 
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„ 
and for the fide of the ſecond, t 2 r being the great 
— and s 4.75 | N TE 

Then will (rx—3)*+(sx—:)*=(rx*—brx +9) + 
(x —45x+4)=(r* +5) = (or —45x) +13=13, or 


(aA == (Gr). 
And from this equation, by reduction, x is found === 
+5 


| 6 * + Ar. * + 4rom 35* 
Whence, * 32 = Em gun 25 


ue of the firſt ſquare ſorght. > : 
rs + 4.57 Crs — 272 + 257 
Aud, 8 JO = /ide 


of the ſecond. © | 
2 that if r be taken Fe ns i, * ſhall have 
31 +H4ri—3e 17 r , 
ge? 9 5 , and "x + 5* | fer the fides 
of the ſquares, in numbers, as was required. LEY 
If a* +6b* be put equal to the number to be divided, 
"the general ſolution may be given in exat#ly the ſame 


8 — 


— ——— 2 Hf be 405 we $0 1 


of his o her problem. In the ſolution of it, given above, 
the values of 1 and s may be taken equal to any numbers what- 
ever, provided the proportion of thoſe numbers be not the ſame 
as that of 3 (a) to 2 055 or 342 (45) to 3—2 (a- And 


the reaſon of this reftriftion is, that, if r and s were ſo taken, 
the fides of the ſquares ſought would come out the ſame as the 
Aides of the known ſquares. which compoſe the given number, 
and therefors the operation would be uſcleſs, | 
The excellent old Kerſey, after amplifying and illuſtrating this 
problem in a variety of ways, concludes his chapter thus: © For 
a further account of this rare ſpeculation, _ ſee Ander ſanus, 
Theorem 2, of Vieta' s myſterious doctrine of Angular Sections; 
and likewiſe Herigonius, at the latter end of the firſt tome of his 
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3. To find two ſquare numbers, whoſe difference 
ſhall be equal to any given number (4). 


Let d be reſolued into any two unequal actors a and b; 3 
a being the greater and 6 the leſs. 


Alſo put x for the fide of the leffer ſquare fanght, and 
x+b= ide of the greater. 


Then (x+6b)*—a*=x*-+ 2bx -þ b*— x*=2bx+ 2 A 
ab). 

| And if this 4 divided 95 5, we ſhall have 2x 4 b=a. 
If kence, === = = | Fde * the lefſer ſquare Jeughts 


| and chant e4=tt ——.— = fide of the greater. 
So that by putting 4=60, and axb=2 X30, we 
hall gave r e 14, an and 16, er (14)*=196, 


and (16)*=256 for the . in numbers; and /o far 
"+ difference or factors whatewr, 


4. To find two numbers ſuch, that, if either of 


K. be added to the ſquare of the other, the ſum hall 
be a r. number. 


Let the numbers fought be x 8 
then x*+y=0, and f+x=D-. 
And, if r—x be aſſumed for the fide of the e fo r/t fquare 


xt +, ave ſhall bave odd erat —2rx+ x", or Jet 
— 27X. DD wut 1 | 


| 2 n an 
Merce eee > 


Again, if y+s be affumed for the fide of the FR 
ſrvart, we ball have f O Ohe 


+29 +, 
I bence, Dips, neun kurs. | 
O 


* 
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2 ** 
And conſequenth, 58 — — = 
27 a 475 FL 27 
4r5 + 1 | 
| 8 2 | 
. e ve. 


4rs+1 4qrs+1 
quired; where r and s may be taken at pleaſure, pro- 
vided r be greater than 285. 


To find two numbers, whoſe ſum and difference 
ſhall be both _— numbers. | | 
Let x and a & be the twp aqubere ſought. 
Then, fince their ſum” is evidently a ſquare number, 
one of the conditions of the queſiions will be anſwered. 
here remains, t erefore, only their difference x*—2x 
to be made a ſquare. 


And, if for the fide of this ſquare there be put x —r 
ave Hall have Ne EEE I or One 


—_ 
N bence, a= and x*—x= (=) EY 


2 „ - 
8. that — and 8 3 are the Py 
bers required ; aubere r may be ks at oor pro- 


vided it be greater than r. « 


6. To find three unden ſuch, n not A'S: 
ſum of all three of them, but alſo the fum of. every 


two, ſhall be a ſquare number. 
Let 4% * A4 and 2x+1. be the three numbers 


Then (4x) +(x*=45) =o, (x deter 
KI, and (4x+x*=4x+2x+ 1)=* +2x+1, 
are evidently ſquares. 

And, therefore, three 2 2 conditions mentioned in 
the queſiions are accomp 
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In lence it remains only to make the quantity (4x) + 
(2x+1), er 6x+1= t a ſquare. | 
Let, therefore, Gy 1a. q an awe Hall ay. x= 


4—1 
6 f 4 — : 
Add, confequently, <-> = (= 54 92 — MTS, and- 

* * 2 4* When 

LO, jar —— * e +2 ire 


3 
the numbers required; where 0 Tris be take at 2 
provided it be greater than's. | 


7. To find three men ſach, that the fam 
of every two of them ſhall be a ſquare number *. "A 


Let x*, ht the numbers Jaught ; ; 
n N, and ** += 


Or ME 9 and Sn. 


which are beth _Svidently Anne; ; and 


there anna mh nas 4 L = 
rye * | N 


© + ry 
huh. = 


2 a 1 _ 
—_ 


> . A TS 


* This queſtion is „ att of a * 8 of RY FH 
bt the leaſt roats, which have yet been found, in whole numbers, 
44, 417, 6nd 240. See Elimens 4 Algebre,. par M. Euler, 
© 3275 110 which is a work particularly calculated for 
. iſh to obtain mnt > rp aa 
a _ 
TT" | 


— — _—/ — 
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2 (-* —1)* 
—_ + 2 
Bat > - +! =(—= —) += YES + 
— 4 * > ( a K. i 
* e 
Auare number. 
Or N HAK 1) = Hh (s+1)"X(5— 
: 1 * X{r+1)* x (r—1)*= to a ſquore number. 
Aud, by making r—1=i+1, or r=5 +2, we hat 
Fave (+2) *X(+1)*X(o=1)*+x (o+1)*R(3+1)? 
= to a ſquare num | 
Or +2) *X(o=1)*+PX(e+3)=2 + 83+ 6: 
TH to a /quare num 
wy ket he roo f d, ſquare be _—_ 


. „ 8 „1 1:8: 
2 26+ 9046 — 4 20215 $4 
r or n % er 
25 F8==255— 1. . 
Whence — 2. and 22. 12 


Sen] n 


And, con egen | 2 — 
1 9• e 
1 —1 483 3 
— 
4 E 


| or 2 and =D, | 
" fs order, therefi re, "to have the anfever in e 


numbers, let x 28, . we ſhall have x=6325, and 
$=5796, er 528, 5796 and 6325 For the roots of the 


Squares requiy red. 


—_ OS 


8. To Fu e eee ſuch, that x+1 and 4 —1 


ſhall be both ſquare numbers. | An. =; 
9. To find. a number & ſuch, that & 4 128 and 
x+ 192 ſhall be both ſquares. '  - , © Anſe g/ 


10. To find a number x ſuch, that ** and 2 71 
may be both ſquares. An. i · 
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11. To find two 1777 x and y ſuch, that x +3, 
x*+y and y*-+x ma all ſquares. 
8 « Au. * — — 
12. To find three ſquare numbers in arithmetical 
progreſſion. Ans 1, 25, and 49. 
13. To find three ſquare numbers in harmonical 
proportion. : 4. 12 » and 25» 
14. To find three numbers in 4 pro- 
greſſion ſuch, that che ſum of every two of them may 
be a ſquare number. A. 1205, 84045, and 15602. 
15. To find three numbers ſuch, that, if to the 
ſquare of every one of them the ſum of f ihe other two 
be added, the three ſums ſhall be all 
. J. 3. 14 1 1. 
0 26. To find two numbers in proportion as 3 is to 
2 and ſuch that the ſum of their ſquares ſhall make 
; qzare number. 8 1 000 2615 and 1080. 
7. To find four numbers ſuch, that, if a ſquare 
number (100) be added to the product of every two 
* them, the ſums ſhall be all fre. 
Anſ. 2, 32, 88, and 168. 
18. To find two numbers ſuch, that their difference 
may be equal to the difference of their ſquares, and 
that the ſum of their ſquares ſhall be a ſquare number. 
dof + and 4. 
19. To. find three numbers in 8 propor- 
tion ſuch, that every one of them increaſed by 
: gee: numbzr (19) ſhall make ſquare Tag, 
| A 81, ond 12 9 
20. To find two numbers ſuch, + ok pf el 1. 
dat be added to the ſum of their ſquares, it 
1. a ſquare number. 
| r 
21. To divide a given number (10) into four ſuch 
parts, that the ſum of every three of them make 
* — Anſ.. 1, 6,4 $2 - yy and is 
254 O3 


1:0 DIOPHANTINE PROBLEMS. 


22. To find three ſquare numbers ſuch, that their 
ſum being ſeverally added to their three ſides ſhall 
make ſquare numbers. 
Haſ. vip 312. and 49353 = roots required, 
23. 10 find — numbers ſuch, that their ſum being 
increaſed and leſſened, either by their difference. or 
the difference of their ſquares, the ſums and remainders 
ſhall be all ſquarcs. Au. 3Y and . 
24. To fiad two numbers ſuch, that not only cach 
number, but alſo their ſum and 25 difference, being 
increaſed by unity, ſhall be all ſquare numbers. 
Au. 3024 and 5624. 
26. To find three e ſuch, that whether their 
ſum be added to, or ſubtraQted from, the ſquare of 
each particular number, the numbers thence ariting 
ſhall be all ſquares. A. , Yo and 727. 
26. To find three ſquare numbers ſuch, that the 
* of their 1 7085 ſhall alſo be a ſquare number. 
Ag. 16, and *; 
27. To find three ſquare numbers ſuch, that 5 
difference of every two of tùem ſhall be a ſquare num- 


ber. A. 485809, 34225 and 23409. 
28; To divide any given cu r (8) into 
three other cube numbers. Auſ. , V 4d 1. 


29. Two cube numbers (8 nd 1 being given, to 
find two other cube numbers, whoſe differenc: ſhalt be 
r e 21 
Au. 299, an 
30. To divide a given number (28) 2 of 
two! cube my (27 and 1) into two other cube 
num. bers. 99727 24 and Ai the roots. 
31. To find 45 cube numbers fach, that, if from 
every one of them a given number (1) be fubtrated, 
the ſum of the remain Yoon be a ſquare. ' 1 
ers Af 5354, gy and 8. 


1 — 


— — Ai 


The anſwers to many y of theſe queſtions cannot be gires in 
whole numbers. 
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32. To find three numbers ſuch, that, if they be 
ſeverally added to the cube of their ſum, the three 
ſums thence ariſing ſhall be all cubes, | 

| Aa. Mt, ddt and gbd. 

33. To find three numbers in arithmetical propor- 
tion ſuch, that the ſum of their cubes ſhall be a cube. 
* 2 Aal. 3, 4, 5, or 149, 256, 363, Cc. 

34. To find three cube numbers ſuch; that their 
ſam ſhall be a cube number. | 1 

Ans. 35, 4, I or 213, 193, 185, Cc. 

35. To find two numbers ſuch, that their ſum ſhalt 

be equal to the ſum of their cubes. An, f an. 
/ z 
OF, THE 


SUMMATION ind INTERPOLATION 
| _ * ox e W 
INFINITE SERIES. 


The dadrine of infinite ſeries is a ſubject which has 
engaged. the attention of the greateſt mathematicians 
in all ages; and is, perhaps, one of the moſt abſtruſe 
and difficult branches of abſtract mathematics. , 
- . To find the ſum of a ſeries, the number of whoſe 
terms is inexhaultible, or infinite, has been conſidered 
by: ſome as an extravagant. paradox, or a ming impoſ- 
{ible to be done. But this difficulty will be èaſily re- 
moved, by conſidering that every finite magnitude 
whatever is diviſible i inſnitum, or confiſts of an in- 
finite number af parts, Whoſe aggregate, or ſum, is 
equal to the quantity firſt propoſed. | 
A number actually infinite is, indeed, a plain con- 
tradiction to all our ideas; for any number which we 
can poſſibly conceive, or of which we have any notion, 
muit always be determinate and finite; fo that a 


greater may be {till aſſigned, and a greater after this; 
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and ſo on, without a poſſibility of ever coming. to an 
end of the increaſe or addition. | 
And this inexhauſtibility, in the nature of numbers, 
is, therefore, all that we can diſtinctly comprehend by 
their infinity; for though we can eaſily conceive that 
a finite quantity -may become greater and greater 
withaut end, yet we are not from thence enabled to 
form any notion of the a/timatum, or laſt magnitude, 
which 1s incapable of further augmentation. . 
Me cannot, therefore, apply to an infinite ſeries the 
common notion of a ſum, or a collection of ſeveral par- 
ticular numbers, which are joined and added together, 
one after another; for this ſuppoſes that thoſe parti- 
culars are all known and determined. But as every 
ſeries generally obſerves ſome regular law, and con- 
tinually approaches towards a term or limit, we can 
eaſily conceive it to be a whole, of its own kind, and 
that it muſt have a certain real value, whether that 
value be determinable or not. 5 
Thus, in many ſeries, a number is aſſignable, be- 

ond which no number of its terms can ever reach, or 
indeed ever be equal to it; but yet may approach to 
it in ſach a manner as to want leſs than any given 
difference. And this we may call the value or ſum 
of the ſeries; not as being a number found by the 
common method of addition, but as ſuch a limitation. 
of the value of the ſeries, taken in all its infinite ca- 
pacity, that if it were poſſible to add all the terms 
together, one after another, the ſum would be equal 
to-that number. IA te FIN A 7 

Again, in other ſeries, the value has no limitation; 
and this may be expreſſed by ſaying, that the ſum of 
the ſeries is infinitely great; or, which is the ſame 
thing, that it has no determinate and affignable value; 
but may be carried on to ſuch a length, that its ſum 
ſhall exceed any given number whatever. | 
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According to the common rule for ſumming up a 
finite progreſſion, of a [geometric decreaſing ſeries, 
where r is the ratio, / the firſt term, and a the leaſt, 
the ſum is (r/—a)=(r—1) :. and if we ſuppoſe a, 
the leſs extreme, to be actually decreaſed to o, then 
the ſum of the whole ſeries will be r/=(r—1); for 
it is demonſtrable, that the ſum of no aſſignable num- 
ber of terms of the ſeries can ever be equal to that 
quotient ; and yet no number leſs than it will ever be 
equal to the value of the ſeries. _ i 0 
Whatever 1 therefore, follow from the 
ſuppoſition of I- -i) being the true and adequate 
1 of the ſeries, taken in all its infinite capacity, 
as if all the parts were actually determined, and added 
together, they can never be the occaſion of any aſſign- 
able error, in any tion or demonſtration where it 
is uſed in that ſenſe; becauſe, if you ſay that it ex- 
ceeds that value, it is demonſtrable that this exceſs 
muſt be leſs than any aſſignable difference, which is, in 
effect, no difference at all; and, therefore, the ſup- 
poſed error cannot exiſt, and conſequently r/=(r—1)._ 
may be looked upon as expreffing the adequate and 
juſt value of the ſeries, continued to infinity. . , 

But we are further fatisfied of the reaſonableneſs of 
this doctrine, by finding, in fact, that a finite quantity 
actually converts into an infinite ſeries, as appears in 
the caſe of circulating decimals, Thus, 5 turned into 
a decimal is.==.6066, &c. =;%+3$&3 +353 rsd 
&c, continued ad infinitum: But this is plainly a 
geometric ſeries, beginning from , in the coatinyed ' 
ratio of 10 to 1; and the ſum of all its terms, con- 
tinued to infinity, will evidently be equal to 2, or the 
number from whence it was originally derived. 

And the ſame may be ſhewn of many other ſeries, 
and of all circulating decimals'in general. 
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PROBLEM J. 


0 fries being given to find the en orders of 
2 „nee 


. RULE, 


TW. Take the firſt term from the ſecond, the ſecond 
from the third, the third from the fourth, &c. and the 
remainders will form a new ſeries, called the fot 


a of differences. 
ake the firſt term of this laft ſeries from the 


Grad, the ſecond from the third, the third from 
the fourth, &c. and the remainders will form another 
new ſeries, called the ſecond order of differences, 
Proceed, in like manner, for the third, fourth, 
2. &c. orders of differences; and ſo on till they ter- 
or are carried as far as 1s CO owned bo 


EXAMPLES. 


1. To find the ſeveral orders of differences in the 
Ws 1. 255 9, 16, 25, 36, &c | 
4 4,99% 16, 25, 36, &c. 
3. 5, 7» 9, 11, Cc. % diff. 


2 2, 2» 2, &C. 2d diff; 
0, o, o, &c. 


2. To find the ſeveral lers of: differences in the 
ſeries 1, 8, 27, 64, 125, 216, Kc. 
1.8, 8, 27, 04, 125, 216, &c. 
«2625-5 1 7» 19, 37» * 91, &c. , f.. 
132, 18, 24, 30, &c. 2d 1. 
6, 6, 6, &c. 7 ＋ 
o, ©, &c. 


** 
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3. To find the ſeveral orders of differences in the 
ſeries 1, 3, 6, 10, I5, 21, &c. 
Aus. ft 2, 3, 4, 5, c. 2d 1, 1, 1, fc, 


4. To find the ſeveral orders of differences i in the 

ſeries 1, 6, 20, 50, 105, 196, &e. | 
Aus. If 5, 14. 95 $5, 91, Ce. = 9, 16, 25, 36, 
c. 3d 7, 9, 11, Cc. 4th 2, 2, Cc, 


P ROB LR M II. 


Any ſeries, a, b, c, d, e, Ec. being given, to 5 the 
firf term of the nth order & r 


N 4 


| RULE *. 


3 the firſt term of the nth, difs 
ferences. 


Then will a—#6b+#x —.— * 


IR 


*r XR, cc. e. —.— 


is an even 1 
Aud —a+nb=n — 1K — . | 


4 


tr] 

—— . &e. e 
A 

«ban odd nonber TI TREE 4 221 2 


ct = — n * mn - * 
— — 
” 


— we .4h 


*, When r it will de 
more convenient to take the logarithms of the quantities con - 
cerned, whoſe differences will be ſmaller; and, when the opera- 


tion is finiſhed, the quantity anſwering to the * en 
may be eaſily found, 
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EXAMPLES “. 


1. Required the firſt term of the third order of 
5 of the ſeries 1, 5, 15, 35, 70, &c. | 


* Let a, b, Cr, 4, * Oe. =1, 57 15. 35 70, Ee. ans 
nz. 
Then e 


a+3b—3c+d=>—1+1 FSR FRE the fir term 
required. 


2. Required the firſt term | of the fourth wir of 
differences of the ſeries, 1, 8, 27, 64, 125, &c. 
L.et a,b, c, d, e, Wc. =1, 8, 27, 64. Die Ec. and 

. 
Then a—nb+n x 


na] 2 — 2 1— 3 
X 


; gets wh i 6 4 — 32 + 
1624-356-+325=0;3 fo that the Jones of the Fourth 


order is o. 


3. Required the firſt, term of the fifth order of 
differences of the ſeries 1, 2, 4, 1, T8, &c. 
—_—_— 4; — 12 
4. "oP * rf — "of the 8th order of dif- 
ferences of the ſeries 1, 3, 9s 27, 81, &c. "yp ”— 


— — zĩ᷑ ̃ — = — 3 — 233 


n—2 
* —— "2 


. . 


1—1 — 


TN X 


1 
3 


12 


4 


„The labour in theſC Kind of queſtions may be — 


abridged, by purting cypheys for ſome of the terms at the be- 
ginning of the'ſerics; by which means ſeveral of the differences 
will' be equal to o, and the anſwer, on that — odtained i in 
fewer terms, 
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PROBLEM UI. 
To find the nth. term of the ſeries, a, b, c, a, e, He. 


RULE, 


Let 4, au, qu, 4", Ke. be the firſt of the 
ſeveral orders 'of difrences, found as in the laſt 
problem : 

— 


Then will A= ESE A 


. — 5 * — #—4 


3 
ke. e 


— 1 — — enn 


* . 
1. To find the 12th term of the ſeries, 2, 6, 12; 
20, 30, &c. 


2, 6, 12, 20, 30, &c. 
4, 6, 3, 10, &c. 
2 „ „% 2 a8; ::- 
©, O, Kc. ö 


Hers 4 and 2 are the firſl terms of the di — — 2 
"Let, therefore, Ad, 2 and n=12. 


The a+ HU + REP =2 4114+ 4 


554 "=2+44+ 110=156= 12th term, or the anſfever 
required. - FE wet CEORS 
P f o g 
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2. Required the 2oth term of the ſeries 1, 3, 6, 
10, 15, 21, &c. 
1, 3, 6, IO, 15, 21, &c. 
2, 3» 4s 5, 6, Ke. 
I, I, 1, I, &c. 
o, o, o, Sec. 
Here 2 and 1 are the Al. terms of the differences, 
Let, therefore, z, cod and n 20, 


— Roxitz Dan =1+194" + 


1714 14384717 — term reguired. 


3. Required the 15th term of the ſeries 1, 4, 9s 


16, 25, 36, &c. Anf. 225. 
4. Required the zoth term of the ſeries, I, 8, 27 
ay 125 &c. No | Auf. 8000, 


PROBLEM IV. 


8 find the Jum of n terms of the * a, , c, 4, 
6% | 


RULE, | 
Let 4, an, „u, du, Ec. be the firſt of the ſe- 
veral * of dixerences. 
Then will e X= od 


N= KEDS Wen Int 
| „ 3 

1 —3 2— 
— 


4 
ſer ies. 


Tu, &c. = v0 the ſum — 


SUMMATION OF SERIES. 159 


EXAMPLES. 


1.* To find the ſum of z terms of che ſeries I, 2, 
3» +» 5o, 6, &c. 
1, 2, 3, 4» 5; 6, &c. 
S153, 1-0 
©, ©, o, o, &c. 1 


Here 1 and © are the firft terms of the differences. 
Let, therefore, dn =1, ard cf"*=0 6 
1 — 2 +a _ 


'T'bew will na nx dee tr mm — 


. 2 
ſum of n terms, as required. 
2. To find the ſum of » terms of the fries 1“, 2*, 
3% 4% 3 Kc. or 1, 4, 9, 16, 25, &c. 


1, 4, 9, 16, 25, &c. 
3» 5, 7» 9» &C, 

2 2, 2, &c. 

O, o, &c. 


Here 3 and 2 are the firſt terms of the differences : 
Let, 9 431, . wh — . 


Then will aa N * b 
| =} 2—2 3 —2 ꝓ 2 —33 +2: 
„exe 2 . 2 * 7 


Gt h of ue a required. 


6 


» 


1— 


—ů 


* Any term of a given ſeries, or the ſum of any number 
of its terms, may be accurately determined, when the diffe- 


rences of any order become at laſt equal to each other. 
F 2 
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3. To find the ſum of u terms of the ſeries 15, 
273% 4, 5 &c. or 1, 8, 27, 64, 125, &c. 
1, 8, 27, 64, 125, &c. 
7, 19, 37, 61, 4 
12, 18, 2 | 
is 6, &c. 
o, &c. 
Here the firft term of the differences are 7, 12 and 6, 
Let, therefore, a=1, 2 9 and 4 = 6. 


Then au aK ix a ab 


egen. 


— 2— Z + Gn X — 8 . — 


3 
n*— 61" ＋-11 CES — I 
neo ”—_ 


+ 23 —6n* + 4n+ 
= um of n terms, as required. 


4. To find the ſum of x terms of the ſeries 2, 6, 
tt 20, 30, &c. we het 1) 2 


5. To gad the ſum of x terms of the ſeries 1, 3, 6, 
17 1 GEs | Mex n-+1 n+2 


— . 
2 3 


6. To find the ſum of n terms of the ſeries 1, 4. 


IO, 20, 35, .. | * 1 — * 


7. To find the ſam of x terms of the ſeries 1“, 20, 
25 Ne. or 1, 16, 81, 256, &c. 
* * x 


Ae St 
uf. 0 - 
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* » * 


PROBLEM v. 
The ſeries a, 5, ©, 4 e, Sc. being given, 0 


terms are at an unit's diffance from each other; to find 
any intermediate term by interpolation. 


RULE. 


Let x be the diſtance of any term y to be interpo- 
lated, and 4˙, 4, in, &c. the firſt terms of the 


differences : 
Then will aT * =. +x *— * 


558 * Re . &c. =y- 


4 * 


1. Given the logarithmic ſines of 1* O, 1 1 
152 and 1* 3% to find the ſine of 1 1 400. 
a 3M 1* 1 1*2 | 
Sines '$.2418553 $.2490332 8.2560943 8.:2630424. 
71779 701 69481 
— 21130 
38 
Tere the feſt terms of the 8 are 71779. 
— 1168, and 38. 7 
Let, therefore, xi 1 40% 1 0 10 21 
diftance 2 7 , the term to be interpolated; and 4 
71779, =—1168, W =-1 


Then will e unn * 


2” 


7 Fe- e 
P 3 
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0119631. 0000594 . 0000002=8.2537533= fore 
of 1* 1' 40", as was required. 


2. Given the ſeries &, Ars Frs 55 Fs Kc. to find 
the term which ſtands in the middle between Ji and 


I | 
1 Auſ. 185. 


3. Given the natural tangents of 889, 5 0, 880, 
55,889, 56“, 88, 57% 889, 58, and 88“, 59; to find 
the tangent of 885, 58˙ 18“ | Anſ. 55711144. 


* 


PROBLEM VI. 


Having given à ſeries of equidiftant terms, a, 6, c, 


d, e, &c. whoſe firſt differences are ſmall; to find any 
intermediate term by interpolation. | 


RULE . 


Find the value of the unknown quantity in the 
equation which ſtands againſt the given number of 
terms, in the following table, and it will give the 
term required. _ | | 
U 
2. 23 / = o 
4. 4-40 6c— 44+ ez 0 
S8. a—5b-Fl0c—10d+ $ge— f=o _ 
e. a—bb+15c—204-+15e—bf+g=0 
7 a—nb +1 XI mn Xn . = O. 


m» * 


_—_— — — 


— 


®* The more terms are given the more accurately the equa- 
Sion will approximate, 


—_ 


EXAMPLES, 


1. Given the logarithms of 101, 102, 194, and 
ke. to find the logarithm of 103.. 


Here the number 'of terms are 4, 
Therefore Wy 4, in tbe table, ave have a—46+ 
ee 


6-44 TN; A 
mo as 2.00482 14 
== 2.0086002. 
Whence d= 2.0170333 
e= 2.0211893- 
4X (56+4)=16.1025 340 


Re = 40355107” 
6)12. 0770233 


2.0128372=log. of 103, ar 


required. 
2. Siren the cube roots of 45, 46, 47, 48, and 49, 
to find the cube root of 50. 47. 3.684033. 


| Given the logarithms of co, I, 2, 54, 55. 
5 56, to find the logarithm of 53. * 
Arſe 1. 7242558695. 


PROMISCUOUS EXAMPLES RELATING: TO SERIES. 


1. To find the ſum (S) of x terms of the ſeries 1, 
2, 3, 4» 5» 6, Kc. 

Fir, 1+2+3+4+5, Cc. . . n=8. 

And n+ {n—1) + (12) +(n—3)+ (a—4) S. 5 
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Therefore (n+1) + (u+ + (a+ 1) +(a+ 1), Se. 
© +5 4 (n+ 10228. : + 15 

Aud conſequently (n+1) K 2d; er S 
=o requared. 


2. To find che. ow (C) of x terms of the anke I, 
3, 5, 7» 9, 11, &c. 


Firſt, I+3+5 +7+9, We; $ +44 . 
And eg Fs 
(zu —)9), c.. 1g. 
Therefore zu 2n+ 2n+2nÞ+2n, c.. . 21=28, 


Had, conſequently, 2X K aS; 5 er S= _ == 


ſum required, 


3. Required the ſum (5) of x terms of the ſeries 
8+(a+4) +(a+24) + (a+ 34) + (A, &c. 


Firſt, a+{a+4)+(a+24) +(a+34), Sc. 32 
-.a+(1—4) XN. 

And a+(nd—d) 16h - Weak +a+({nd—3d) +a 
+{nd—4d), Oc. . 

eee u- Laa e (#d—d), 
Se. 24 ＋ (-A) ) zs. 

And, conſequently, (2a+nd—d) Xn=3S; or S= 


{2a+nd—d) X== ſum required. 


. OR THUS: 


Fir, a+(a+4) +(a+24)+(a+34) +(a+44), &c. 
128 +1+1, St.) Xa 28. 
(+o+1+2+3+4, &c.) x4 
But u terms of 1 +1+1+1+1, Cc. =#. 


And n terms of 01+ 2+3+4, Oc. = ex) 
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"Het thereftes Bu ne IEC 


* as before. 


4. To find the ſum ($) of = terms of the ſeries 1, 
„ #5; 8", if, as: + ; 


Firſt, 1+x++x% +34, toe. . . . 
ates uh Sc.. u. 
5 . N - 


Or $== = ſum required. 


xX—1 
And, A x © @ proper fraction, the fam af the 
feries, continued ad infinitum, may be found in the — 


manner. 


(2a+nd—d) 


Thus, I+x+x*+x? +a, Sc. . 
"And x+**+x* +x* TA, Ce. x. 
1 —1=Sx—S8; or $—S$x=T1. 


| Whence e = fum of an mm. number of 
termt, as en 


' 5. Required the ſum (S) of the circulating decimal 
+999999, &c. continued e N ; 


„ 
Fir. .999999, &c. een 1050 1 „Ee. 


10 100 Table * 9 1 
Therefore, ++ + —— Oc. = 
5 And, — 


9 9 
N hence S=1= ſum required. 
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+6, Required the ſum (S) of the ſeries a*+(a+24)* 
+(a+24)*+{a+34)*+{a+44)*, &c. continued to 


#z terms, 
Firfl, a a | 
(a+ d)*=a*+2 X1ad+ 14* 
(a+ 2d)*=a*+ 2 Xx 244+ 44* 
(a+34)*=a*+2 X 3ad4+ gd 
E my 2 = 1647 


. of x terms of (1+ , Gch 

| X a* 

Therefore, Sg yn ork (0o+1+2+3) Sc.) 
2 1 ditto of (0+ i449, Ce. 


But n termi of 1+1+1+1, Ce. =n 


Dime of 041423, Cc. —— 
1) =. 
Aud ditto of +1 +4 +9, Ge. === _ 
Mbenceò n x Ps * = x . D 1) 
xXO=n+nedx(a1) + OE Nenml. 


ſum required. 1K 2K 3 


7. Required the ſum (8 of the ſeries a? (a A) 


+ (a+ 1d) +(a+30)'+(6+44)", &c. 3 t9 
n terms. 


Fir, a ga 

(a Hi g Nd; 1ad* ＋ 142 

(a+ 24)*=4a* +3 Xx 2a*d+ 3X 4d ＋ 843 

(a+34)*=a* Ne x gad +274" 

(a CAA X A e X 16ad* + 6447 

(6+ $0) e Od 3x road +12gdf 
WC . 
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F 


* . ditto of (o+1+2+3, Cc.) 


5, 
Therefore, & ©  - ditt of (0o+1+4+9, &c.) 
XZ 
+ +. ditto of (o+1+8+27, &c.) 
1 


But n terms of 1+1+1+1, Cc. =n 


Ditto of 0+14h2+3z bf, —= 21) 


IX 2 
1X (n—1) X (2n—1) 
1X2X3 
23 4 
2X6 "= 
Confquently the fur $=n K a7 += X 2 = A 
bee. Er +62) X87 _ 
 AX2X3 "ih 2X2 ow 
ſam required, 


8. Required the ſum (S) of » terms of the feries 
1+3+7+15+31, &c. 


The terme of this ſevies ars evidently equal to 1, 
(1+2), '(1+2+4), (1424478), Sc. or the ſuc- 


1 .* fums of. the geometrical Progrefſin I, * 4, 8, 
I 


Let, therefore, a=1, and a. and wwe Gall b 
PR OE OT" Se. es Sc, 


Ditto of 0+1+4+9, So. = 


Ditto of 0+1+8+27+64+125, Cc. = 


For an account of Wan numbers, with the 8 of 
Finding their ſums, &e uſt refer the learner to Simpſon's 


- p. 215, where he will find this ſubject fully en- 
1 ned. 
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But the ſums of I, 2, 3, 4, Sc. terms of this ſeries 


are 
TS . - my = (r=1) * — 
2. — = (—1) x — 
3. — = -i x = 
4. — = (217) * — 

&c. Oe. 


22 n terms fr. er, Oc. 
Therefore, $=— * fe, {Er BIEN 


But 1+1%1+1+1+1+1, Ec. = x 
And 1+ ++, Cc. -i) x 


. 
71 


7 
1—1 


— $=(%==1) x 
9. Required the ſum (S) of » terms of the ſeries 
3+3+{+ 7 +432 &c. 


| The terms of this ſeries are the ſucceſſive ſums of 
the geometrical progreſſion + TT TATA + 7's, Cc. | 


- Let therefore a=1 and r=2, then ill a+=+=+ 


a a 1 


a a ; 14 
. . 
+ == &c. continued at pleaſure, 


n) X——= fum required, 


I I I I 
73 117632 764 


— 
— 


* Many queſtions of this kind, as well as fran things 
relating to feries in may be found in Dodſon's Ma- 
themarrcal Repoſitory, which is an excellent analytical per- 


: 
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But the ſums of 1, 2, 3, 4, Sc. terms of this feries 


are 


Se een 
Cans =o ES 
Pm a 
= PE (==) 2 > 
(r*—1) Xa — 
CET ( & er 
c. Oc. | 
| * u terms of r+r+r+r, &c. 
Fherefore SEX . 


But r+r+r+r, Sc. = ur, 
And Lb 2 — 82 1 
RE r | Y 


= fam required. 


a 
Whence S * i * 


10. To find the ſum (S) of the infinite ſeries of 
the reciprocals of the triangular numbers, 11442 


7 &C. 
e 222 
Let -+-+ ;+—, Oc. ad infinitum = S. 
3+ 3-; &--30 


Or, „L. Se. „* , © © „„ „„ 41 
. . 2.5 
I I - 


Q 
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1 —＋—＋— 3 Oe. 8 
Or, 2 3 4 5 — 
. I 

> .3 4 I 


Whence, ===; or $=2= ſum required. 


It. * To find the ſum of » terms of the ſeries 
11414317818 &c. 


: I I I 33 1 

Let 7 Oe. to ON 

Then 121315 Sc. to 7. 
I 3 5 


I 
dnt So 232415 Oc. t 


5 1 
. * „ — * 8 * — 5 —_—__ 


I — — 


* The figurate numbers, of which the terms of this and 
ſeveral other ſeriesare the reciprocals, may be exhibited thus: 


1K. order 1, 1, 1, 1. &c. 

Id. order , Le. 
beef he 3d. order pared , 3, &, 10, 15, &c, 
4th. order I, 4, 10, 20, 35, c. 

5th. order I, 5, I5, 35, 70, &c, 


It may here alſo be remarked that different ſeries are diſtin- 
guiſhed by particular names, according to the nature of their 
terms. 

Thus, a ſeries, whoſe terms continually decreaſe, is called a 

converging ſeries. 

A ſeries, whoſe terms continually increaſe, is called a diverg- 
ing ſcries, 

And a ſeries, whoſe terms neither increaſe nor diminiſh, is 
called a neutral ſeries. 

Thus: 1 T4421, &c. converging 3 1—2+3—4+5 
&c. divergirg — i-, &c. neutral. 
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- W 
Therefere ———— +1 rt ates Se. fo 2 
n Sy I | 


I 
+1. 5 12 27 


Or, 


== =— = 1 40 F the ſeries, or anſwer required. 


12. Required the ſum of the infinite ſeries 5.1 17+ 
3.3.5 + 7.33 +5.3.92 &c. 


1 
Ter 212 +75, Ee. aten. 
1 


N 115 Sc. by tranſpoſition. 
1 1 . 
And 1= 1 Oe. ty fabtraSien. 
Or, as re tes 5 ES. by tranſpoſition. 


„ 
* 4 29 . 1 by ſubtraction. 
i . 
Or, -= 
A 5 — ora 
I 
Whence MEE Dae 7 r 756 af fon 


RICO TE 3-4-5 a 


tinued to "= is equal to 1 which is the ſum re- 
guired. 


— 
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13. To 27 the ſum of terms of the ſeries 25 
I 
* — 


4— &C. 
2-3-4 — 4:5-0 


Let Eta tet” Sc. to 


1 
1. (T 1) 


I 
* b Ee. AED) 
I I 
And x — 7 
? rh 3 5 * | 


wy 5 Oe. 1 5 Fa) 


There : —— — 
: fore > 2 (+1). (n+2) 7 e 
(continued to n terms) by ſubtractiom. 


"I 2:(n+1).(a+2)  1:2:3 _ 2.3-4 23 
Sc. (continued to n fares) by 46 04 


And onſequently, 8 —, continued 10 
* 1-2-3 3 | 


Ferms. 


= /um required. 


3 
ferm 1 = — e 


14. Required the ſum (S) of the ſeries 2 


= &c. continued ad infinitum. 
Let == and 5 


Then N- 4A , c. 
1 +x 


Al $=(1+3>) K -- fa“, Se. 
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| Whence, by X—=x* ＋A —x* +237, Se. 
multiplication | 1+x 

K—x*+x*—x* +43, Ce. 

 +aft—x? 12 x5, Oe. 


62 foam is — +o +o +0, WS. 


T herefore xx. 


And x- -A“, Ce. = 


Required the ſum of the infinite ſeries 1444 
24 1 &c. 


Then 2 = 2x*+3x* +4x*+ 5.25, LOA 


And 2=(1—x)*X (x+2x*+ 33® + 4x*, &c. 
Whence, by ( x +2x*-+ 3x* + 4xt, Oe. 
muitiplication | 1—2x +x* 


& 12K + 3x* + 4x7, Oc. 
— 2-4 — 653, Q. 
+ x? + 2x, Tc, 


Wie fan is 55 o+ o+ o, 22 
Therefor ar =z. 


And x+2x* + ee 5x?, 3 


required, 
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16. Required the ſum (S) of the infinite ſeries 


T3+$+2 +30 &c. 


Let e,. 1 = = $, 


Then 5 +9x%+ 16x4+ 25x", Ge. 
And x (I— ) x (x+ 4x*+93* 16, &c.) 
=x-+ a", as will be found by adtual multiplication, 

Therefore x + x*=z. 


Ind confernctly x+ 45 +9x3 + 16x*, & © (mes 
Or 244. 2.42 6 6. eg. — 1. = 


3 9 27 81 (1=3)* =2 
Jum required. 


17. Required the ſum (S) of the — | 200g 


a+d 4124 a+3d 


—+ n 7 


4 Let ar, and S - Fs 

m. (I-) 
* , SI ety 
101 -A) m amr mr 


& 444 442d 2434 | 
* 8 * 


That is, 1 


U &c. 

And z=(1—2)* x (a+ (@+a)x+(a+24)z*+ (a+ 
309d Sc.) I-) x Ax, as will appear by ac- 
multipl, ication. _ 

nn K = (I-) x4 T Ar. 


7 See. 


— (4244) Xx+(a+24) Xx*+ 


—xX(1+-) 53 


3 
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And conſequently 222 2 _ Oc. = 


(1—x) Xa+dx 
wm. (I -&) * 


= ſum of the infinite ſeries required, 


EXAMPLES FOR PRACTICE. 


1. To find the ſum of » terms of the ſeries a+ 
(a—d) +(a—24) +(a—3d) +(a—44), Ke. 


Anf. - X(2a=—(n—1) xd.) 


2. Required the fum of the infinite ſeries a+da+ 
d*a+d*a+d*a, &c. where d is a proper I, 


"MSN: 

3. Required the _ of the infinite fenies 1h 3x 

TXT 10x*+ 15x, &c 6 
(1 r=" 


4- Required the ſum of the infinite ſeries L348 
+1084 209% + 3640 &c. 455 8 
dr 


5. Required the * of the infinite ſeries d 
4 n T2 &ec. | W 2 


6. Required che ſum of 40 terms of the ſeries 
Grünen, | 
Anf. 22960, 
7. To find the ſum of the infinite ſeries I + 2*x+ 
z +4*x* + 5*x*, &c. 1 +11x+11x*+ x? 
b An, — — 


1 
\ 
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8. Required the ſum of the infinite ſeries f 
3 &C. Of 


9. Required the ſum of „ terms of the _ 
T:1-3-3Fz.733+3 12 &c. | 
I 


4. 2 18 3. TI (n+2):{a+3)" 


10. Required the ſum of = terms of the ſeries 5 


11. Required the ſum of the ſeries 55, + 27 13.8 


4 I 
7 75 &c. * 67 . 
E n 7 
* 281;˙ 8 13 
12. 1 the ſum of * ſeries x'5+3/5 +3353 
. . 
Te. * nyt an) Aal. 28816 5 = 3247482 116 


W 21 ſum of the ſeries. 21 — 0 


5. 


1. Kc. (ach. b e 


| a 
* * Te 2 


14. Required the ſum of the ſeries 73 1 127181 


I ” 
* * IF 12» 


I 
Au, &c. — — 
hm a4") 
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15. Required the ſum of the infinite ſeries 1—5 
+x—z+3=53- Ke. 
Au.. 69314718, Cc. er Hp. log. of 2. 


16. Re uired the ſum of the infinite ſeries 1— 


174-11 - &c. 
A2. . 785 39, Cc. or 5 cir. of the circle whoſe diam. is 1. 


17. Required the ſum of the diverging ſeries 1— 
+3=—5+3- &c. b 
Anſ. 193147, Cc. or 4+ hyp. log. of 2. 


8 Required the ſum of the diverging ſeries 
3 — &c. 


1 2 
Aal, 1-943147, Ge. or + byp. og. of 2+ 


19. Required the ſum of the ME geometrical 
ſeries 1—1+2—6+24-120;, &c. or 1—Ia+2Þ—- 
30 +4D—58, &c. An/. near approx. value . 298 174. 


—_— 


* A preat variety of ſeries, of different forms, may be found 
in other authors; but thoſe which are here given will be ſuffi. 

_ cient for the learner's practice. ' 

The names of the principal authors, who have written upon 
this ſubject, are as follow: 

Archimedes; Arabes; D'Alembert; Barrow; Briggs; Ni- 
cholas, Daniel, John and James Bernoulli; Fermat; De Cartes; 
Clairaut ; Condercet ; Cotes; Dodſon; Euler; Emerſon; Fag- 
nanus; Le Grange; Goldbach; Gregory; Halley; Harriot; 
Huddens; Huygens; Hutton; Kepler; Keil; Landen; Mac 
Laurin; De Lagney; Leibnitzz Lorgna; Lucas de Burgoz 
Manfredi; Monmort; De Moivre; Montono; Nichole; News 
ton; Oughtred; Riccati; Regnald; Saunderſonz Sterling; 
Sluſius; Simpſon 3 Brook Taylor; Varignon ; Vietaz Wallis; 
Waring; &. 

For an account of theſe ſeries, with a new method of finding 
their approximate values, ſce Dr, Hutton's Mathematical TraQts, 

lately publiſhed, 
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OF LOGARITHM S- 


Logarithms are numbers ſo contrived and adapted 
- to other numbers, that the ſums and differences of 
the former ſhall correſpond to, and ſhew, the products 
and quotients of the latter. 524 
Or, more generally, logarithms are the numerical 
exponents of ratios, or a ſeries of numbers in arith- 
metical progreſton, anſwering to another ſcrics of 
numbers in geometrical progreſſion, 
Thas 2 1. 2, 3. „5, Iadices, or logarithms. 
1, 2, 4, 8, 16, 32, Geometric progreſſion. 
Or 1% 1» 2, 3, 4» 5, Indices, or logarithms. 
I, 3s 9, 27, 81, 243, Geometric progrefion. 
o le 2) 3. 4. 5. Jad. or log. 
59 , lo, 100, 1000, 10000, 100000, Go. frog. 
c. 
And, from hence, it is evident, that there may be 
as many kinds of indices, or logarithms, as there 
can be taken different kinds geometric ſeries: 
and that in any ſyſtem, or table, of logarithms 
whatever, the logarithm of unity, or 1, will be 
nothing. INT; AS 


+ th ** 8 8 i __— 4. th 


© ISS invention 4 logatitbms is the — 7 right of 
ord Neper, Baron of Merchiflon, in Scotland, and is properly 
, — ref one of the — and excellent diſcoveries 
of modern times. A table of theſe numbers was firſt pub - 
liſhed by him at Edinburgh, anno 1614, in a treatiſe entitled 
Canon Mirifieum Logarithmerum; and, as their great utility and 
extenſive application were ſufficiently apparent, they were 
inmetdiately received by all the learned throughout Europe. 
Mr. Henry Briggs, Sovitien Profellar of Geometry at Oxford, 
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It is alſo apparent, ſrom the nature of theſe ſeries, 
that if any two indices be added together their ſum 
will be the index of that number which is equal to the 
product of the two te ms, in the geometric progreſſion, 
to which thoſe, indices belong. a af 

Thus, the indices 2 and 3, being added together, are 
=5; and the numbers 4 and 8, or the terms corre- 
ſponding with thoſe indices, being multiplied together, 
wy =32, which is the number anſwering to the in- 

* 5 

= in like manner, if any one index be ſub- 
tracted from another, the difference will be the index 
of that number, which is equal to the quotient of the 
two terms to which thoſe indices belong, IP? 

Thus the index 6, minus the index 4, is =2; and 
the terms correſponding to thoſe indites are 64 and 16, 
nohoſe quotient is A; which is the number anſwering 
to the index 2. 


— _ as —— — — —— „ — 


— N * tat. a. AM —"— — 


upon hearing of the diſcovery, ſet out upon a viſit to the noble 
inventor, and ſoon afterwards they jointly undertook the ardu- 
ous taſk of computing new tables upon this ſubject, and re- 
ducing them to a more convenient form than that which was 
at firſt thought of. But Lord Neper dying before they were 
finiſhed, the whole burden was laid upon Mr. Briggs, who 
with prodigious labour, and great ſkill, made an entire Canon, 
according to the new form, for all numbers from x to 20000, 
and from yooo to 1v1Ccco, to 14 places of figures, and pub- 
liſhed it at London in the year 1624, in a treatiſe entitled Arith- 
metica Logarithmica, with directions for ſupplying the interme- 
giate chiliads. 

This Canon was again publiſhed in Holland, by Adrian Vlacg, 
anno 1628, together with the logarithms of all the numbers 
which Mr. Briggs had omitted; but he continued them only 
to 10 places of decimals. Mr. Briggs alſo computed the loga- 
rithms of the ſigns, tangents and ſecants, to every degree, and 


180 part of a degree of the whole quadrant; and ſubjained 


1% OF LOGARITHMS. 


For the ſame reaſon, if the logarithm of any num- 
ber be multiplied by the index of its power, the 
1 be . to the logarithm of that 
Power. » £ 54 4 ATV] ; — 

Thus, the index or 5 iche 0 3 4245 N, 8 
is 2; and if this ——__ be iplied by 3, the product 
will be ; which is the logarithm of 64, or the third 

er of 4. 

And, if the logarithm of any number be divided by 
the index of its root, the quotient will be equal to the 
logarithm of that root. | 

Tus the index or logarithm of 64 is 6; and if this 
number be divided by 2, the -quotient will be =; 
avhich is the logarithm of 8, or + Square root of 64. 

Ide logarithms moſt convenient for practice are 
ſuch as are adopted to a geometric ſeries increaſing 


them to the natural figns, tangents and ſecants, which he had 
before computed to 15 places of figures, And theſe tables, to- 
- gether with their conſtruction and uſe, were firſt publiſhed in 
the year 1633, after Mr. Briggs's death, by Mr. Herry Gelli- 
- brand, under the title of * Britannica. 

Benjamin Urfinus has given us a table of logarithms to 
every 10 leconds. And Mr. elf, in his Mathematical Lexicen, 
ſays that one Yan Loſer had computed them to every ſingle 
- ſecond, but his untimely death prevented their publication. 

A great number of other authors have treated of this ſub- 
jet, but as their numbers are frequently inaccurate, and in - 
- commodiouſly diſpoſed, they are now generally negleted. The 
tables in moſt repute at preſent are thoſe of Gardiner in 4to, 
firſt printed in the year 1742, and Sherwin in 8vo, firſt printed 
in the year 1705, where the logarithms of all numbers may be 
eaſily found from 1 to 100co000; and thoſe of the ſigns, tan- 
gente, and ſecanta, to any degree of accuracy required. 
 Dodfen's Antilogarithmic Canon is likewiſe a very ingenious 
work, and is of great uſe for finding the numbers anſwering to 
any given logarithms, A 
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in a tenfold proportion, as in the laſt of the above 
examples; and are thoſe which are to be ſound, at 
preſent, in moſt of the common tables upon this 
ſubject. ö 

The diſtinguiſhing mark of this ſyſtem of lo- 
garithms 1s, that the index, or log rithm, of 1 is o; 
that of 10, 1; that of 100, 2; that of 1000, 3, &c. 
And in decimals the logarithm of .1 is — 1; that of 
Ol, —2; that of . 001, —3; &c, | 

And, from hence, it follows that the logarithm of 
any number between 1 and 10 muſt be o and ſome 
fractional parts; and that of a number between 10 
and 100 will be 1 and ſome fractional parts; and ſa 
on for any other number whatever. | 

And fince the integral part of a logarithm is always 
thus readily found, it is uſually called the dex, or 
cbaracteriſtic; and is commonly omitted in the tables; 
being left to be ſupplied by the operator himſelf, as 
occaſion requires. 


OF THE MAKING” 


OF LOGARITHMS. 


Whatever arithmetical progreſſion we apply to a 
geometrical one, the terms of it are logarithms only 
to that ſeries to which we apply them, and anſwer the 
end propoſed only for thoſe particular numbers; fo 
that if we had logarithms adapted only to particular 
geometrical ſeries, they would be but of little uſe. 
The great end and defign of logarithms 1s the eaſe 
and expedition which they afford in long cajculations, 
by ſaving the laborious work of multiplicationg diviſien, 
and the extraction of roots; but this end would never 


| | -4 -2 
3 4 4 1 
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be completely anſwered, unleſs logarithms could be 
adapted to the whole ſyſtem of num bers, 1, 2, 3, 4, &c. 
And as here he the chief excellence and merit of the 
contrivance, ſo alſo the difficulty. For the natural 
ſyſtem of numbers, t, 2, 3, 4, &c. being an arith- 
metical, and not a geometrical feries, ſeems rather fit 
to be made logarithms of, than to have logarithms 
applied to it. But this difficulty may be eafily re- 
moved, by conſidering, 
That though the whole ſyſtem of natural numbers, 
1, 2, 3, 4, &c. is not in geometrical progrefſion, 
and cannot, by any means, be made to agree with 
ſuch a ſeries, yet they may be brought ſo near it, 
as to be within any aſſignable degree of approxima- 
tio+; which may be cqnceived, in gencral, thus; 
ſuppoſe a fraction indefinitely ſmall to be repreſented 
M by x, and a geometrical ſeries ariſing from 1, in 
the ratio of 1 to 1+x, to be 1, (1+x)", (1+x)}, 
(1+Xx)*, (r), Kc. Then muit ſome of theſe 
terms come indefinitely near to all the natural num- 
bers, 1, 2, 3, 4, &c.; becauſe, amongſt numbers 
which ariſe by extremely ſmall increments, ſome of 
them muſt exceed, or fall ſhort, of any determinate 
number, by an indefinitely little exceſs or defect. 

If, therefore, in the places of the terms of this 
feries, which approach indefinitely near to any of 
the natural numbers, we ſuppoſe theſe natural num- 
bers themſelves to be ſubſtituted, then will this ſeries 
be in geometrical progreſſion, to an exactneſs which 
may be called indefinite; becauſe the approximation 
of its terms to the natural numbers can never end, but 
goes on in irfinitum. | 

And fince this imagined geometric ſeries compre- 
hends, indefinitely near, the whole ſyſtem of natural 
numbers, 1, 2, 3, 4, &c. ſo the indices of its terms 


comprehend a whole ſyſtem of logarithms, which are 
el Hes lil, xd he bd. of OcHhe ted Ac C. LY af fotos, 
GH natal min Nd $,2,0, S; Sean ſuc te * , 
Hon C g- ane nee. lien, A 0. $00, 4000, 40000, 
G4 X)= 9;P 4 onwel=4,9,84;7 294;04 see 
GN eee: = 4; J, hf; 27049006 Inodl24,65X%% 
f + -= 2, Pry om A. 75 2: 4.8.16. tX= EI cend antes Y 
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adapted to this ſyſtem of numbers, and may be ex- 
tended to any lengih we pleaſe. For though the na- 
tural ſyſtem of numbers make not, by themſelves, 
a complete geometrical ſeries, yet they are conceived 
as a part of ſuch a ſeries, and their logarichms are the 
indices of their diſtances from unity in that ſeries; 
or, more generally, they are the correſponding terms 
of an aritiametical ſeries applied to that geometrical 
one. . 

But, again, it muſt be obſerved, that an indefi- 
nitely ſmall fraction cannot be aſſigned; and, there- 
fore, in the actual conſlruction of logarithms, we 
muſt be contented with a determinate degree of ap- 
proximation. Whence, according as we take x, in 
the ſeries 1, (1+x)*, (1+x)*, (1+x)*, (I)“, 
&c. the approximatioa of its terms to the natural 
numbers will be in different degrees of exactneſs: 
for the leſs x is, the nearer will be the approxima- 
tion; but then the more are the number of involu- 
tions of 1+x, neceſſary to come within any deter- 
minate degree of nearneſs to the natural number 
aſſigned. 

Thus then we may conceive the poſſibility of 
making logarithms to all the natural numbers, 1, 2, 
3» 4, &c. to any determinate degree of exactneſs; 


viz. by aſſigning a very ſmall fraction for x, and 


actually railing a ſeries, in the ratio of 1 to 1+x, 
and taking for the natural numbers ſuch terms of 
that ſeries as are the neareſt to them, and their in- 
dices for the logarithms. But then, to conſtruct 
logarithms in this manner, to ſuch an extent of 
numbers, and degree of exactneſs, as would be re- 
cefiary to make them of any conſiderable uſe, is next 
to impoſſible, becauſe of the almoſt infinite labour 
and time it would require. This, however, is an 
introduction for underſtanding the method of the 
R 2 
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noble inventor, who undoubtedly firſt took the hint of 
making logarithms from the conſideration of the in- 
dices of a geometrical ſeries; and by means of the 
principles and known properties of theſe progreſſions 
he firit formed his tables, and adapted them to the 
practical purpoſes intended, 


PROBLEM I 


To find the logarithm of any of the natural numbers, 
I, 2, 3, 4» Cc. according to the method of NePp ER. 


RULI “. 


1. Take the geometrical ſeries, 1, 10, 100, 1000, 

' 20000, &c. es , apply to it the arithmetical ſcries 
I, 2, 3, 4, &c. as logarithms. | | 
2. Find a geometric mean between 1 and 10, 10 
and 100, or any other two adjacent terms of the ſeries 
betwixt which the number propoſed lies. 

3. Between the mean, thus found, and the neareſt 
extreme, find another geometrical mean, in the ſame 
manner; and fo on, till you are arrived within the 
propoſed limit of the number whoſe logarithm is 
ſought. | 

4. Find as many arithmetical means, in the ſame 
order as you found the geometrical ones, and the laſt 
of theſe will be the logarithm anſwering to the num- 


ber required. 


— — 


— 


* The reader who wiſhes to inform himſelf more particularly 
concerning the hiſtory, nature, and conſtruction of logarithms, 
may conſult Dr, Hutton's Mathematical Tables, lately publiſhes, 


- where he will find his curioſity amply gratificd, 
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EXAMPLE. 


Let it be required to find the logarithm of g. 


Here the numbers betu een which ꝙ lies are 1 and 10. 
Fir,!, then, the log. of 10 is 1, and the log. of 1 is O; 


. 5 "is the arithmetical mean, and 


therefore : 8 


V X10) = = 3.162277) = geometric mean: whence 
the logarithm of 3 1622777 is 5, 
Secondly, the log. of 10 1s 1, and the log. of 


2.1622777 7s «53 therefore 575 arithmetical 


mean, and y/(10X3.1622777)=5.0234132= geo- 
metric mean: whence the log. of 5.6234132 is .75. 
Thirdly, the log. of 10 is 1, and the log. of 


5. 6234132 is 75; therefore —Z =.87;= arith- 


metical mean, and (Io. X5.6234132)=7.4989421 
= geometric mean: whence the log. of 7.4989421 7s 


4 * Ln c 

Fouribly, the hy. of 10 is 1, and the log. of 
7.4989421 is .875; therefore — : 
metical mean, and + (10X7.4989421)=8.6596431 
= geometric mean : whence the log. of 8.0590431 is 


9375 ; \ 
Fifthly, the log. f 10 is 1, and the lag. of 
3.650643 1 is .9375 ; therefore 9373 = 2996875 
= arithmetical mean, and y/(10X8.6596431) = 
93057204 = geometric mean: whence the log. of 


9-3057204 is 96873. 


= 49375 = arith- 


R 3 


786 'OF LOGARITHM... 


Sixthly, the leg. of 8.659643 1 is 937 5, and the log. 
of 9.305 5204 1.9687 5; 9375 +:90875 _ 
9.305 7204 is .90875 ; therefore — 
953125 =arith. mean, and 8.659643 1 X9.3057204) 
288.9768713 = geometric nean whence the log. of 
. 8.9768713 7s .953125. 
Aud, proceeding in this manner, after 25 extrations, 
the logarithm of  $.9999998 will be found to be 
9542425 which may be taken fer the logarithm of q, 


ore ſufficiently exact for all practical purpoſes. 
* Aud in the ſame manner the logarithms of almoſt all 
free 77> < | the prime numbers were found; a work fo incredibly la- 
e. cxeborious, that the unremitted induſtry of ſeveral years 
— wok was ſearcely ſufficient for its accom ts 
fea. 77 © 7 Aa e | F 
PROBLEM II. 


number (). 


The hyperbolic logarithm of any number is the 
index of that term of the logarithmic progreſſion, 
which agrees with the propoſed number, multiplied by 
the exceſs of the common ratio above unity. | 
Let, therefore, (I“ be that term of the loga- 
rithmical progreſſion, 1, (1+x)', (1+x)*, (1+x)*, 
(1+x)*, &c. which is equal to the required number 


n). 


Then will (IT)“ x, and 1+x=x" ; and if 
* +y be put Sn, and m==, we ſhall have 1+x 


» 2 Bo > — | —1 
N DE * 4 


becauſe it differs from it only by vi; and is there-. 


To determine the hyperbolic logarithm () of any given 


T 2 — Ce 


7 75520 


Jose 
* 
1 


+ 
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Ee), 
— T2 


And, conſequently, x —=my + 1m X 


— 6 , &c. where m being rejected in the 


factors m—1, m—2, mM—3, &c. as being indefinitely 
ſmall in compariſon of 1, 2, 3, &c. the equation will 


become x=my—=—+— —— 


3 
F 
X Hence INT N O + ; 7 + p . 


= hyperbolic logarithm of x, as was required. 


5 pRozßLEM m. 


The hyperbolic logarithm (L) of a number being given, 
to find the number (x) itſelf, obich anſwers to it. 


Let (1+x)" be that term of the logarithmic pro- 
greſſion, 1, (IT)“, (I)“, (1+Xx)?, (I)“, &c. 
* which is equal to the required number x. 

Then, becauſe (1+x)" is univerſally =1+xx+2 


X 4 nx * &c. we ſhall alſo have 


8 2—1 1—1 222 
I+ax+1X——x & X 


But ſince 2, from the nature of logarithms, is 
here ſuppoſed indefinitely great, it is evident that 
the numbers connected to it by the ſign — may all 
be rejected, as far as any aſſigned number of terms, 
For as 1, 2, 3, &c. are indefinitely ſmall in com- 


ariſon to u, the rejecting of thoſe numbers can very 
ittle affect the values to which they belong. 


ihe N .A. dealer n Ad ed 
1899 4 nde TU, baton, «lar For Senate (few 

. real) af denornenalor id ffie Gf anal 6. -C. 

of oe feder Gals uf enen whech PW guy 5 

* Sutra tion. — Xr Seu F. bu 


x?, &c. — Ns 
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If, therefore 1, 2, 3, &c. be thrown out of the 
factors —— perm — 2, &c. we ſhall have I Tx 


But zx(=L) is the hyperbolic logarithm of (1+ x)", 
or x, by what has been N ſpecified ; and there- 


fore 1 24 „Kc. N= number res 
2.3 = 


quired, 
PROBLEM IV. 


To determine the hyperbolic logarithm (L) of any 
given number (x), & an univerſally converging ſeries. 


The ſeries LDL, &c. is the moſt eaſy 


and natural that can be obtained; but, i in determin- 
ws the logarithms of large numbers, it is but of little 
ſince, in all ſuch caſes, it diverges inſtead of 


converging. 
Let, therefore, the . whoſe logarithm you 


would find be denoted by = and alſo let (1+x)" 


be the term of the logarithmic progreſſion agreein 0 
with the propoſed —_ 


— * ee e 00 
Then (IT) — 1 E 


AX (= (by putting m=——)=I-my 
N 275 . 


dene * * — — 
— IH ene. „ Le a 
PEEL —= s 
., du EMMA t. vals of rm; ys 77 2-42 
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Whence $+L4L4IL, — = 
8-3. m 

I 


hyperbolic logarithm of ; which ſeries, it Is 


manifeſt, will conſtantly converge, let the value of 


— be ever ſo great; becauſe y will always be 
leſs than unity. 

But it is to be obſerved that this ſeries, except 
in its ſigns, has exactly the ſame form. with that 
above found for the logarithm of 1+y, and that, 


if both of them be added together, the ſeries 2y+ 
W 357 
, &c. thence ariſing, will be more 


ſimple than either of them, as one half of the terms 
will, in that caſe, be entirely def royed. 

Since, therefore, the ſum of the logarithms of any 
two numbers is equal to the logarithm of the pro- 
duct of thoſe numbers, it is manifeſt that 2x+ 
+=, &c. will truly expreſs the logarithm of 


ES which ſeries converges ſtill faſter than x+ 


+ &c. not only becauſe the even powers are 


3 | 
here deſtroyed, but becauſe x,Qn finding the logarithm 4 


of any given number (x) will have a leſs value. 
And, in order to determine what this value of x 


muſt be, make x , and then x will be found 


; but if the quantity propoſed 2 be a frac- 


tion, inſtead of a whole number, make _ — TI? 


* — 1 
N ＋ 1 


— 
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and you ſhall have ren =, and either of theſe 


PTQ 
values being ſubſtituted ia the foregoing ſeries 2+ 
22 a0 


——þ—, &c. will give the hyperbolic logarithm of 


3 


the number required. | 

Now, by finding Nep-r's logarithm of any number, 
according to the foregoing method, Briegs's, or the 
common logarithm of the ſame number, may be ſound 
as follows : ] 

Brizgs's logarithm of any number is, to Veper's 
logarithm of the ſame number. as Briggs's logarithm 
of 10 is to Neper's logarithm of 10. 

But Briggs's logarithm of 10 is 1, and Neper's 
logarithm of 10 1s 2.302585093; and, therefore, 
if Briggs's, or the common logarithm of any number, 
be denoted by c. L. and Neper's, or the hyperbolic 
logarithm of the fame number, by u. L. we ſhall 
have 2. 30258509 3: 1 :: HL. : Cc L; or H. L 
| I 
2.302585093 
required“. 


—_— lt th. ** ** 


— 
„ 


8 


There are, beſides theſe, many other ingenious methods, 
which later writers have diſcovered, for finding the logarithms 
of numbers in a much eafirr way than the original inventor; 

but, as they cannot be underſtood without a knowledge of ſome 
of the higher branches of the mathematics, I have thought 

proper to cmit them, and muſt beg leave to refer the reader to 
thoſe works which are written exprefsly upon the ſubject. 
It would likewiſe much exceed the limits of this compen- 
dium, to point out all. the peculiar artifices that are made uſe 
of for conftrufting an entire table of theſe numbers; ſuch as 
thoſe of Gardiner, Sherwin, and others, who have treated, on 
this ſubiect; but any information of this kind, which the learner 
may wiſh to obtain, may be found ia Hutiton's Tables, vefore 


mentioned. 


MCA — 


— = H.L X 4342944819 = C. L. as was 
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OF TRE METHOD OF USING 


A TABLE OF LOGARIT HMS. 


Having explained the method of making a table of 
the logarithms of numbers 2 than unity, the 
next thing to be done is, to ſhew how the logarithms 
of fractional quantities may be found. And, in order 
to this, it may bs obſerved, that as we have hitherto 
ſuppoſed a geometric ſeries to increaſe from an unit 
on the right hand, ſo we may now ſuppoſe- it to de» 
creaſe from an unit towards the left; and the indices, 
in this caſe, being made negative, will ftill exhibit 
the logarithms of the terms to which they belong. 


Thus, Log. 3 —2 — 1 0 +1 +2 +3, &c. 
+ Nun. reed 1d +6 1 19 100 1000, Er. 


Where +1 is the logarithm of 10, and — I the loga- 
rithm of i +2 the logarithm of 100, and —2 the 
logarithm of +45, c. 


And from hence it appears that all numbers, con- 
filing of the ſame figures, whether they be integral, 
fractional, or mixed, will have the decimal parts of 


of their logarithms the ſame. 


= —_ * — * m 


—— — —_ 
——_—— » —ͤ— 
2 


It will be ſufficient to obſerve here that the logarithms of all 
the prime numbers being had, thoſe of the compoſite ; umbers 
may be found only by means of addition and ſubtraction. Thus, 
1. 4 21.23 1. to - t. 21.53 t.=L.10—L.2; 1.0 2. 2 
1. 3, and ſo on fur any other cf theſe numbers, 

In like manner, the log. of ax UL a ＋L. 6; the log. of 

3 La- 1.6; the log. of == and the log. ef 


L of * . 122 4 
ref=Ecr cc. by oo — — 0. 4 
"oy Sg _4 77 30s; - 5G=5 
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Thus, the logarithm of 5874 being 3.7689339, the 
logarithms of re, +362 Teoes Ec. part of it will be 


* 


as folloaus: 0 


; Num. Logarithms. 
5874] 3.768933 9 

58 7.4 2.7689339 

5 8.7 4 17689339 
5-87 4 | 0.7689339 , 

$874 || -1-7689339 
05874 || —-2-7689339 
8905874 —-3-7689 339 


From this it alſo appears, that the index, or cha- 
rageri/iic, of any logarithm, is always one lefs than 
the number of figures which the natural number con- 
ſiſts of; and this index is conſtantly to be placed on 
the left hand of the decimal part of the logarithm. 

When there are integers in the given number, the 
index 1s always affirmative; but when there are no in- 
tegers, the index is negative, and is to be marked by 
2 line drawn before it, like a negative quantity in 
algebra. | | | 


22 a number having 1, 2, 3, 4, 5, Cc. integer 
Places. 
- The index of its Ig. is o, 1, 2, 3, 4, Cc. 

And a fraction having à digit in the place of primes, 
Seconds, thirds, fourths, 8 c. 

The index of its logarithm will be — 1, — 2, —3, 
— 4. Sc . ” 


It may alſo be obſerved, that though the indices of 
fractional quantities are negative, yet the. decimal 
parts of their logarithms are always affirmative ;. and 
all operations are performed hy them, in the ſame 
manner as by negative and affirmative quantities in 
algebra. 3 1 Fes 
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In taking out of a table the logarithm of any num- 
ber, not exceeding 10000,, we have the decimal part 
by inſpection; and if to this the proper characteriſtic 
be — ed, it will give the complete logarithm re- 

uĩred. | 
. Bat if the number, whoſe logarithm is required, 
be above 10000, then find the logarithm of the two 
neareſt numbers to it that can be found in the table 
and ſay, as their difference : the difference of their 
logarithms : : the difference of the neareſt number 
and that whoſe logarithm is required: the difference 
of their logarithms, nearly; and this difference being 
added to, or ſubtracted from, the neareſt logarithm, 
according as it is greater or leſs than the required 
one, will give the logarithm required, near. 

Thus, let it be required to find the logarithm of 
367182 , {Bs 7 A 
. The decimal part of 3671 is, by the table 5647844 ; 
and of 3672 is .5649027 ; x * 1 

. The ſ 367100 is 5. 5647844 
Jog. of | 367200; is 5.5649027 j 


—— 


Fig Their diff 100 0001183 dj 5 
*  MNeareft N T 367200 F 
Given N | 367182 

5 18 dif. 


— _—_— 


This method, being founded on the ſuppoſition that the 
logarithms of all numbers between 367100 and 367200, in- 
creaſe, or decreaſe, equally, according to their diſtance from 
367 too or 367200, is not ſtxictly true, but nearly ſo; and the 
greater any numbers are With reſpect to their difference, the 
nearer will thoſe differences be proportional. And, therefore, 
though this will not give the exact logarithm, yet it will be a 2 
very near approximation, and is ſufficiently exact for moſt 
practical purpoſes, 8 3 


— 
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wg "15 the .co01183 :: 18: ,0000212, 
5649027 — g 6 881 = loga- 
rithm "55600 nearly. PEST 6) * 
If the number conſiſts both of i integers and fraQions, 
or ĩs entirely fractional, find the decimal part of the 
aten as if all its figures were integral; and this, 
eing prefixed to the ** characteriſtic, will give 
the  Jgarihm required. 
if the given number is a proper fraction, ſub- 
tract the logarithm of the denominator from the lo- 

n of tlie numerator, and the remainder will be 
* e logarithm ſought; which, being that of a decimal 

fraction, mult always have a negative index. 

 Andifitis a mixed number, reduce it to an im- 
proper fraction, and find the difference of the loga- 
rithms of the numerator and denominator, in the 

ſame manner as before. 5 

In finding the number anſwering to any given lo- 

2 the _ if affirmative, will always ſhew 

any inte places the required number con- 

fiſts of; and, Fag late, in what place of decimals 

the firſt, or ſignificant figure, ſtands; ſo that, if the 

logarithm can be found 1n the table, the number an- 
ſwering to it will e be had by inſpection. 

But, if the logarithm cannot be exactly found in 
the table, find the next greater, and the next leſs, 
and then ſay, As the difference of theſe two loga- 
rithms: the difference of the numbers anſwering to 
them :: the difference of the given logarithm and 
the: neareſt tabular - logarithm -: a fourth number; 
which added to, or ſubtracted from, the natural num- 
ber oo SY to the neareſt tabular logarithm, ac- 

cording as that logarithm is leſs or greater than the 
given one, will give the number required, early. | 

Thus, let it be required to find the natural number 
anſwering to the logarithm 5. 3648818. 


OF LOGARITHMS 5 
The next leſs and greater logarithms, in the table, 


-. ore 


5. — —4 The numbers | 367100 
55 049027 anſwering | 367200 
Their diff. rn 100 dif: 


And 5 56490275. 564881 62.0000212, 
Therefore .0001183 : 166 . 0000 12 : nearly. 
Whence 365200—18= 3671828 number required *, 


12 
- 


„ 


MULTIPLICATION zy' LOGARITHMS, 


> 


| RULE, 
logurithm of the factors 3 ind 
their 8255 will be the logarithm of the product re- 
quire 


Obſerving to add what is to be carried from the 
decimal part of the logarithm to the ſum of the af- 


eure indices: 

nd that the difference 8 the 1 and 
negative indices is to be taken for the index to the 
logarithm of the product. | 


— 8 — u b — 
Directions, at large, for the uſing of logarithms be 
found in maſt of the common tables this abject. — 


Sherwin's Mathematical tables, of the Edition 1741 or 1742, 
are reckoned the moſt correct and convenient, for practical 
purpoſcs, of an now extant, except thoſe of Dr. — lately 
publiſhed; Which, beſides their accuracy, are much better 
arranged; and in the two firſt degrees the figns, c. are. given 
to every ſecond. He has-alfo. a table of hyperbolic —— 
and ſcveral others. equally uſeful. 
8 2 
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PXAMPLES. 


1. 2 number 256 be multiplied by 4. 


The log. of 256 == 2. 4082400 
The hg. of ** o. ö 


| The product =1024 ++.3.9103000 


2, Let the number 8.5 be multiplied by 10. 
| The hog. of 8.5 = 0.9294189 
The log. of 10 '$-0000009 © | , 


The product =85. ov 1.9294189 


3. Let the number 46. 7 5 be multiplied by 3275. 


The of 46.75, 1.66978 16 
The Th by Gn hall 


4 1 Multiply 3-768 2.053, and” 007693. con. 
tinually togethe pr 

Te be. o 68 = ©, 76116 

The he. {4 2.653 = op 

"The bg. of - 007693 = —3z — 


The product . ogg 11. . 2. 7765955 


5. Multiply . 5, 4, and. 12, contincctly together. 


The log. of 5 = —1.6989700 
The hg. of _.4 = —1.6020600 
. The. log. of +12 = —1.0791812 


Tube produft = t. —2.3802112 
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— 


3 
?P 


DIVISION #r LOGARITHMS. 


__"RbLE, 


From the logarithm of the dividend ſubtract the 
logarithm of the diviſor, and the number agreeing to 
the remainder will be the quotient required. 

But obſerve to change the index of the diviſor from 
negative to affirmative, or from affirmative to ne- 
Fare and then the difference of the affirmative in- 

ices muſt be taken for the index to the logarithm of 
the quotient. 


And, alſo, when an unit is borrowed, in the left 
hand place of the decimal part of the logarithm, add 


it to the index of the divifor; but if 1t be negative 
ſubtratt it; and let the index ariſing from thence be 
changed and worked with as before, 


Aare“ | {£200 
1. Let the number 56 be divided by the number 4. 
\ The log. f 56 = 1.7481880 | 


The hg. of 4 = 0.6020600 


Fr Let the number 50.75 be divided by the num- 
25 · | . | $ | 
Deng. 25 = 13979490 


* 


75 The quotient = 203 « ** \ « 23074960 
1 8 3 4 SF 
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3. Let the number 24 be divided by the numbes 
: The log. of 24 = —1.3802112 
The beg. of 80.= 1:9030500 ' 


«< > 


The quotient 04 09.00 23 477¹ 212 


4. Let the number. ol 265 be divided by the num- 


ber 5 
"The leg. of 01265 = 2. 1020905 


. The log. f 35 = —1.7403627 


The quotient 2.023. 67276 | 
INVOLUTION »y LOGARITHMS*, 
- RULE, 


FF. T. Seek the logarithm of the given number i in the 
table. 

2. Multiply the logarithm, thus found, the i in- 
dex oſ the 4 of 


power. 
4 Find the number correſponding to the product, 


t will be the power required. 

Mete. In multiplying a logarithm with a negative | 
Index, 76 any afhrmative number, the product will 
negatives 
But what is to be n from the decimal part of 

the logarithm will always be affirmative: 
ets therefore their difference will be the index of 
roduct; and is conſtantly to be made of the ſanu 

Ty * the n 


= 


* The rule of proportion is performed by adding the logae 
2 two laſt derm, erik ing the 1 of 


or LOGARITHMS. = 


urls, i 


"Fa Roca the ſecond power of the Co 
3-874- 
22 The log. of . 


The Thar fn 1 2 


— 


R * 


The power = 15. 019 1. 1763198, Ader 
2. . Required the third power ofthe number 2.968 


The bog. of | 2.768 =.0.4421661 us 
The index = $4 


The power = 21.21 1 3264085 5 
* Required the third power of the number, 7916. 
The log. 275 57016 = 21. cgaʒos > 3b: 


he index = 


The power = .496Y«..—1.69551 74 


4. Required the twelfth power of the number 


1.539 
*; The bs, if. ws 0. 1872386 


4 
#4 


71 pouier = 176, l 2468632 


Required th the zoth power of 1.05. 
's . A. . Oe. 


6. e the rooth E of dv” 


131.50, fs, 
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EVOLUTION zy LOGARITHMS. 


7 
— RULE, — a 


5 Seck the logarithm of the given number in the 
table. 

2. Divide the logarithm, thus found, by the de- 

 Kominator of the index of the root propoſed. 
Find the number correſponding to this quotient, 
and je wil be the root required. 

Nee. When the index of the logarithm, to be 
divided, is negative, and does not exactly contain the 
diviſor, increaſe it by ſuch a number as will make it 
exactly diviſible, and carry the units borrowed, as ſo 
many tens, to the left-hand place of the decimal, and 


then e mne. * 


— 


* re EXAMPLES». 
1. Ae the ſquare root of the number 225. 


The beg. of _ 225 =,2.3521825 
_ Therefore. 15 8 


| Fe u. = 15 + coo 1, 17609 
2. Required the ſquare root, of the number 2501. 


"The log. 7 75 1501 = 3. 1763809 
Hayy 2)3- 3170307. ; 


Fe peer 238. 74. „ „ „I. 5887903 - 
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3+ What i is the cube root of the number 166375] ? 


The hg. . 166375 = 1. 2210881 
Therefore 3)—1. 2210881 


The root.=. 8 1. 1 5 


4. What is the ſquare root of the number r 


The log. of .c8162 = 2.911 
* Ti r —55 I — 3 


| e In" © ©.0 * 1. 4888963 n 
5. n 176.6 


The bog. of l | | 
Therefore 12)2-43 NN 


Ne re 5285 3 r 


„V. 2 „ 


ba - MISCELLANEOUS ' QUESTIONS. / 


A perſon being aſked what o' clock it was, an- 
e that it was between 8 and 9, and that the 
hour and minute hands were exact i a what 
was the time? "Te - i za 

A. , 43.3 38 fr. 

2. Divide the 4 50 into two ſuch parts, that 

Ter part, ae of the-other, may make 40. 

Anſ. 20 and 30. 

3. What two numbers are thoſe, whoſe difference 
js 12, and their ſquares equal to each other? 

As +6 and 6. 

4. There is à certain number, conſiſting of two 

places, which is equal to the difference of the ſquares 

of its digits; and if 36 be added to it me digits will 

be inverted; quære the number? _ Af. 48, 


20 MISCELLANEOUS QUESTIONS. 


5: Given & +y*=31, and +x*=17; to find 
x and 5. * . x=3 and 2. 
6. Given e and #3 -$292=406 ; to find 
x and y Anſ. x=7 and y=9. 
7. Given the ſum of three numbers, in harmonical 
pop rtion, ==26, and their continued product =576; 
& the numbers. A.. 12, 8, and 6. 
e 5 two Ane ber are thoſe, whoſe ee. 
Ru an "are to exch other as the numbers 
2, 3» an 55 Fe = Anſ. 2 and 10, 
9. at number whoſe cube.being ſub- 
des from dts &. ev mall leave the greateſt re- 
Wiesen 10 70 A 
t 15 re wet to find the leaſt 3 — — 
ſo that $of © firſt, +; of the-ſecond; and 7; of the 
third, be all equal to each Sarge 


ůuz— —ꝝ-᷑ 


L n/. 2 and 300. 
11. Given A968. and ps droge ; 
& and x. Anſ. æ , and * 
120 enden fam of; three numbers in ace | 
metrical progreſſion =39, and the ſum 
quares. 8 19 : to. find the numbers. Axſ. 3,9, 27. 
;. Required, the leaſt r of weights, and 
8 -that will weigh from one pound 
to hundred weig t. 
c 15 3» 9, 27, 81, 243, 729, and 2187, 
14. Required two numbers ſuch, that their ſum 
ſhall be equal both to their product and the difference 
of their ſquares. 42. 618034 and 1.618034. 
15. It is required to find 4 affirmative integers ſuch, 


chat the ſquare of the greateſt be equal to the 
ann of the Kuares of th aber thre. 


1 3 „He te 22 A3. 


* 4 1 — Ms 
5 Zenn eee ere — — — 


bie is properly a cucftion in | Mulch bus it ieoufwcred 
dee by Mr. Emerſon, 'as well. as ſeveral others of the 
nature, 


M1SCBLLANEOUS QUESTIONS: 203. 


16. If money be lent, at three pet cent. 

To thoſe who chuſe to borrow, „ 
— In what time all! be worch a pound, 

If 1 — a crown rave et 4 
. years, c int. 
17. Required 2 —.— IG nn. fr 
xand », ſuch, that x*+y* and * +y* ſhall be both 
ſquare numbers, Aiſ. x2=364, and 223. 

- 18. There are three numbers in geometrical pro- 
ion ſuch, that, if the mean be ſubtracted from the 
of the two extremes, the remainder multiplied 95 
the ſum of the ſa'd two extremes will be 91; "but, if 
that remainder: be multiplied by the ſum of all the 
three:numbers, the product will be 133; it is required 
to find the three numbers by a ſimple equation. 7 
Aue 4, 6, and 9. 
49. To determine, two numbers. whoſe ſum ſhall 
be a cube, but their product and quotients ſqjuares. 
. Anſ. 4 and 14, 100 and 25, 900 and 100! 
20. Required that arithmetical progreſſion whoſe 
number of terms is 10, ſum of the terms 185, and the 
ſum of'the cubes of the terms 104525. 
| i Aſc 3, 8, 11, 14, 17, 20, 23, 26, 29, 32. 
21. To divide a given number (&) into 4 ſuck 
parts, chat if any other number (#) be added to the 
firſt- part, deducted from the ſecond; multiplied by 
the third, and. the fourth part divided by it, the ſum, 
difevence; product, and quotient, ſhall be all equal 
to each 9 


NN 
AG FH E 
[= parts required. 
22, Given x%y+Y3x=512500, and x%Y—y*x= * 
2500 to find x and y. Anſ. x==25, and y=20. 


23. Given x+y+2=6, xy+xz+yz=11, and 
xyz==6 ; to find x, y, and x. Ar}. x=3,y=1, and x22. 


204 MISCELLANEOUS QUESTIONS. 


24. To find two numbers in the ratio of 5 to y, 
which, being reſpectively divided by ꝙ and 13, ſhall 
W. 3 and 8 for remainders. A. 210 and 294. 

To find three numbers ſuch, that + the firlt, 
3 cf the ſecond, and z of the third, ſhall be = 62; 
3 of the firſt, + of the ſecond, and g of the third = 
473 land + of, the firſt, 3 3 of the ſecond, and 3 of the 
third 2238. Auf. 24, 60, and 120. 
26. A, By and c, are to ſhare 100,000 pounds be- 
tween them, in the proportion of 3, 4, and 3, reſpec- 
tively; but c's part being loſt by death, it is required 
to divide the whole ſum properly between the other. 
two. Auſe A's are ut 57142 1A5l. and n. 428575 31. 
427. Jo find four numbers, æ, , x and ww, wing 
the product of every three given; viz. xyz==231, 
| eee 540, and xzw==660. 
[ Anſ. h. , II, and au ad. 

28. To find four numbers in etric proportion, 

Pp ſum i 1s 15. and. the um 0 thei ir ſquares 85. 
Anj.'1, 4, 4, 8. 

29. To: 40d 3 aumbers, , 5. and x, when the 
product of each by the ſum of the other two are given; 
vix. s, 5 (x +2)=39» and æ x (x +3) 
=6z: Ai. x4, y=3, and x. 

30. What number | is that, which, being any ho- 
divided, che ſquare of one part, when added to the 
e Part, alvays be a ſquare number? 

Anſ. 1 only, 

"A „Given . Y+x=135, and & 4 
r. to find *, Js _ Te 

7 * Anſe. x=10, y=5, and x=. 

32. Given * +axy=108, J*+y2=69, ant 2* + 
* n to find * v, and æ. 

Ax. 82 5 A; S220. 


© « - 


no. 


MISCBLEANFOUS onion. 1 


33. Given x4 32=384, Hi xz=237, and * 
=192; to 3 K.. 
i. Af. lid, 717. * 
wt To find the leaſt number, which, being divided 
55, 4, 3 1 leave the remainders 5, 4, 
2, and 1, ve 4 4 
a 5. To find hive en f ſuch, that x 1 85 
rence of any two of them ſhall be ſquare num- 
Vers. a. gt 18 ary: 2399057. an 2288168. 
36. To find tw . 25 ſuch; that their 
ſum nay be a n icy Tot 3 difference a, cube, 
and the ſide of t aid . and cube equal to each 
other. Anfe Ruiz. 
37. To en the number of fftcens that can 
be made out of a common pack of 52 cards ; 
| 272 4. 
38. To find a fraction ſuck, that being —.5 from 
its reciprocal the remainder ſhall be 2. ſquare. | 
| i Find ſuch a fraction . that its biguadrate 
_ being addd to 4 is' a 4 an ie Wilkan- 


. fever the. queſtion... . *. \ 
39. Given £4949 =1087; and ee. | 
457789551 to find æ and 7. 


Anſ. x21 IT y=17. 

40. Given z 7s. XK Y TK 22545, and 
e z to find x, y, and 2, 

Au. 2#Z=41, y=28; and ug. 


41. Given x+3=152, and (x—y)3 x(x—9)*= 
91923 to find x and xy. Auſ. x=108, and y=44- 

42. To. find three numbers ſuch, that, if to the 
fquare of each the product of the other 2 be addtd, 
the ſums ſhall be ſquares; Anſ. 73, 9. 328. 
43. Let the number of cards in a _ þ) be 
diſtributed into any number of heaps (=), b , oe 
as many cards upon the bottom heap as are ſufficient 


T 


— 


4 ker 8 
* it * oY 
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to make up its number 4; then, by having the num- 
ber of cards — the PAs hand, (r) and 
the number of (z) given, it is required to find 
the ſum of all the bottom cards. 
; 4 (q+1) x#+(r— = ſum req tired: 
44. To find 3 bers ſuch, — if each e ſub - 
Gel d. «cr ths the cube of their ſum ry remainders 
all be cubes. Au. Ai, 1157, and 
45. Given "the cycle 44h the Ihe 18, the — nk 
number 8, and the Roman indiction 10; to find the 
year. 4 1717. 
46. To fad þ cube numbers fuch, that their ſum 
mall be both à ſquare and a cube number; and if 
that ſum be ſquared it ſhall be a cube, and- bf it be 
cubcd it ſhall be a ſquare. 5 5 


A. 225, 6; NN „ 
ber whatever ; if it be 216 rey will be 


oy; qvbole members. 
47 'To find 3 numbers fuch, that if each. be added 


7 to the cube of t] cir ſum their ſums ſhall be cubes. 


4 2362s 1528 ; 185 


48. With * and moidores, the feweſt, Which 


Three TVET and fifty-one pounds ean T 


? 
. 5:— ? way *twill admit of, what fk 


Do ve e, Pieces amount to ?— my fortuneꝰs to 


4 9 meas and 253 moidorei; and 37 
. "qobich is 2129971. 


wv Given Niceus. to find x and . 
_ * 47. 706 and net 


L ' # 


” 

5 . . * aw 4th 
. „ „ "IE 
» * 


* 
* . 
K 5 ” % 
5 


er 


+ + th - 


25 
U 
« FB 


MISCELLANEOUS QUESTIONS. "20% 
Fo. Given en > 10 Ann and, * in : 


_ whale numbers. 1 901 


auf: x=4048:981231783 and ==8491781 142001- - 


51. To find three Whole numbers „that the 
exceſs of the greateſt aboye the middle number ſhall 
be to the exceſs of the middle number. above the 
leaft, as 3 to 1; and alſo that the ſum of erxry c 

of theſe ſhall be ſquares. 9 
As. 1362, 402, 8a ; er 4 1362, A0. 
an, abet = is any affirmative ir. 

teger. 


52. Given x +y=a (2), and a*+y%= =b(32), ta | 


ad x and y by quadratics. 
Anſ. x 214692175 33 


53. Given x vo, and zoo; to ſind æ and . 


Anſ. x:=4.0914 and y=5.5,102. 
Fi. Given xy x (x+2)*= e. 
and 15x (741054308 to find *, J, and 2. 
. X=1, y=3, 2=9. 
88. Given w+x+y+2=57, w+Hx*+y+z= 
27 3, 0 H +2==1350, and en 
ro find 1, J x, and ww. 
| Anſ. x I, y=11, , and agg. 
56. Given x+y=1750, xz+3yV=22708, av + 
n xzv + vV2y=i59252; to find x, y, æ, 
v. A x=1743, y=7, Z=13, and V=7, 
Given 5x+7z +9z=93256; to find all the 
0 ſolutions in affirmative integers which the 
equation will admit of. Anſ. 13801148. 
58. To find a ſquare n fach, that the ſum 
of all its aliquot parts ſhall be a ſquare number. 
Ans. 2401. 
To find two ſquare numbers ſuch, that either 
of them, when added to its aliquot parts, ſhall make 
the ſame ſum, | 47 106276 and 165649. 


75 


„ 


ts. dh. 


nt. ls. A 


5 x 0 prgrions. 


60. To find three cube numbers ſach, that their 


ay, bun may be both a ſquare and a cube number. 


An 1, gay» and 145733 
67. To find 4 whale numbers ſuch, that the + 


rence of every 84 ſhall be a ſquare number. 
An. 1873432, 2288168, 2399057, and 6560657. 
62. To find three numbers ſuch, that if their ſum 


* be multi the by the firſt it hall be a triangular num- 


ber; by ſecond a ſquare,” and. bythe third a cube. 
An/. + 5 „ and * Y 
63. 'To find three pig nadrate hers; the ſum of 


which 2 An. 12, 15% and 20“. 


64. To find a right-angled triangle ſuch, that its 
perimeter ſhall be a cube, and the 9 together 


n the area a ſquare. 


Al. Perp. See ; baſe ab, byp. Se. 
” 65 To ſind two equilateral wiangles fuch, that their 
arcas and: Fueter ſhall be both equal. 
Anſ. Sides of the — = 29, 29, 40. 
T4 m_ of he 24 = 37, 375: 24+ 


THE END, 


